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INTRODUCTION
Motivating questions and organization of the text
Foliation theory and topology of three-manifolds. The use of foliation the-
ory in low-dimensional topology has a quite long history. Just to give an
idea: at the beginning of the last century, Alexander proved that a two-
sphere in R3 bounds a three-ball mainly using a foliation argument (see
the original paper [2]); during the eighties, Gabai [7] used taut foliations in
order to compute the genus of arborescent links; more recently, Ozsva´th
and Szabo´ [30] used a mixture of foliation theory and contact geometry to
prove that Heegaard Floer homology detects the Thurston norm of a three-
manifold and the minimal Seifert genus of a knot.
Roughly speaking a codimension-one foliation of a three-manifold is a de-
composition of the manifold as disjoint union of immersed connected sur-
faces (the leaves of the foliation) locally modelled on the decomposition of
the standard three-spaceR3 in the union of the horizontal planes {z = cost.}.
A foliation of a three-manifold is called taut if each leaf of the foliation in-
tersects a simple closed curve transverse to the leaves of the foliation.
There are several topological restrictions on the topology of three-manifolds
supporting taut foliations [37] [28]. For example, in [37] Palmeira prove that
a closed, connected, orientable three-manifold having a taut foliation needs
to be prime and with torsion-free fundamental group. A classical question
about foliation theory of three-manifolds is the following one.
When does a closed, connected, orientable three-manifold have a taut foliation?
During the eighties Gabai proved the following theorem [7].
Theorem (Gabai). A prime, compact, connected and orientable three-manifold
with positive first Betti number has a taut foliation. Furthermore, if Y is such
a manifold and Σ ⊂ Y is a properly embedded surface minimizing the Thurston
norm of its homology class, then Y has a taut foliation having Σ as a leaf.
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Therefore, we have the following question.
When does an irreducible rational homology sphere have a taut foliation?
At the moment of writing this question is still open. This thesis is about a
conjectural answer to this question inspired by a theorem proved by Ozsva´th
and Szabo´ at the beginning of the 21st century.
Enter the hero: Heegard-Floer homology. In [33] Ozsva´th and Szabo´ intro-
duced a celebrated package of three-manifolds invariants called Heegaard
Floer homology. In its simplest version Heegaard Floer homology asso-
ciates to a closed, oriented three-manifold Y a finite-dimensional Z/2Z vec-
tor space ĤF (Y ) that depends only on the homeomorphism type of Y .
The group ĤF (Y ) has the property that decomposes in a direct sum indexd
on Spinc structures
ĤF (Y ) =
⊕
t∈Spinc
ĤF (Y, t) .
In [30] the authors prove that when Y is a rational homology sphere, for
each Spinc structure s of Y , the inequality dimZ/2ZĤF (Y, s) ≥ 1 holds. Thus,
if Y is a rational homology sphere, we have the inequality
dimZ/2ZĤF (Y ) ≥ |Spinc(Y )| = |H1(Y,Z)| .
In [30], Ozsva´th and Szabo´ relate Heegard Floer homology to foliation the-
ory of three-dimensional manifolds. In fact, they prove the following.
Ozsva´th-Szabo´ Criterion. If an irreducible rational homology three-sphere Y has
a taut foliation, then
dimZ/2ZĤF (Y ) > |H1(Y,Z)| .
Thus, if Y is a rational homology sphere, the number
o = dimZ/2ZĤF (Y )− |H1(Y,Z)|
provides an obstruction to existence of taut foliations inside Y . When the
”obstruction term” o vanishes, Y is said to be an L-space. The term L-space
is the short for Heegard Floer homology lens space. In fact, lens spaces provide
the most basic example of L-spaces.
The L-space Conjecture (proposed by Juhasz) states that the converse of the
Ozsva´th-Szabo´ Criterion is true.
L-space Conjecture. A rational homology sphere Y has a taut foliation if and only
if the obstruction term o is non zero, i.e. Y is not an Heegaard Floer L-space.
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We remark that Ozsva´th, Stipsicz and Szabo´ [Nice ] proved that the groups
ĤF , and consequently the obstruction term o, can be computed in a purely
combinatorial way starting from Heegaard diagrams.
Some algebra in the picture: left-orderings. In some sense L-spaces are the
three-manifolds with simplest Heegaard Floer homology. An interesting
question about Heegard Floer theory is the following one.
Is there a topological characterization of L-spaces?
Here by topological characterization we mean a characterization that does
not refer to Heegard Floer theory. Of course, the L-space Conjecture pro-
vides a good conjectural answer to that question. Another conjectural char-
acterization of L-spaces is stated in terms of a property of their fundamental
group, namely left orderability.
A non trivial group G is said to be left-orderable if there exist a total order
≺ on G such that: if a ≺ b then ga ≺ gb for all g ∈ G. Basic examples of left
orderable groups are Z, Q and Rwith their canonical orders.
In [42] Boyer, Rolfsen and Weist proved the following theorem.
Theorem (Boyer, Rolfsen & Wiest). If Y is a compact, connected, orientable, irre-
ducible three-manifold with positive first Betti number then pi1(Y ) is left-orderable.
Notice that the irreducibility condition here does not impose any restriction.
In fact if Y = Y1#Y2 then pi1(Y ) = pi1(Y1) ∗ pi1(Y2), and is known [47] that the
free product of two groups is left-orderable if an only if its factors are left-
orderable. Therefore, the following question could be interesting.
When is the fundamental group of an irreducible rational homology
three-sphere left-orderable?
Recently, supported by many phenomenological evidences, Boyer, Gordon
and Watson conjectured that a possible answer to this question could be in
terms of Heegaard Floer theory. In fact, they made the following conjecture.
Left-Orderability Conjecture. An irreducible rational homology three-sphere
has left-orderable fundamental group if and only if it is not an L-space.
Organization of the text. The text is organized as follows. In Chapter One
we describe basic aspects of Foliation Theory. In Chapter Two, after an ex-
position of the basic aspects of Heegaard Floer Theory, we expose in detail
the L-Space Conjecture and the Left-Orderability Conjecture. In Chapter
Three, we move into the heart of our exposition describing various aspects
of the L-Space Conjecture in many concrete cases. In Chapter Four, follow-
ing [39] and [15], we expose in detail some constructions of taut foliations
inside rational homology spheres.
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Background material
Large part of the mathematical background needed in this thesis was cov-
ered in various courses attended by the author at University of Pisa during
the Master Program. In this section we list the bibliographic references to
the involved material.
Differential Topology. We will work mainly in the differential category. For
the basics of differential geometry and topology we mainly refer to [+]. Var-
ious concepts from Morse Theory are also involved in the text, for this topic
we mainly refer to [+].
Algebraic Topology. For basic definitions and theorems of Algebraic Topol-
ogy and Homological Algebra we mainly refer to [+].
Low Dimensional Topology. For the basics aspects of three-dimensional
topology we refer to []. For the involved concepts of Kirby Calculus we refer
to [] and []. For the background material about Seifert fibered manifolds we
refer to.
Knot Theory. In the text various concepts of Knot Theory are also involved.
For the background material concerning that topic we refer to [+].
Part I
L-Spaces, Taut Foliations and
Left-Orderability

CHAPTER 1
FOLIATIONS ON
THREE-MANIFOLDS
1.1 Getting Acquainted with Foliations
Let M be a smooth connected n-manifold. A class Ck foliation of M is
a collection F of connected smoothly immersed hypersurfaces, called the
leaves of the foliation, satisfying the following conditions
i) M is disjoint union of the leaves ,
ii) there exist a Ck atlas U = {(Ui, φi) | i ∈ I} of M which contains only
smooth charts and with respect to which F satisfies the following local
structure: for each leaf Σ and each chart (Ui, φi) there exist, K ⊆ R such
that φi(Ui ∩ Σ) = Rn−1 ×K.
An atlas like the one described in the second condition is called a foliated
atlas compatible with F . If we modify the first condition, requiring that the
union of the leaves is just a closed subset of M we obtain the more general
notion of lamination.
Associated to a foliation F there is a hyperplane field TF ⊆ TM - the tan-
gent field of F - defined as the set of vectors tangent to the leaves of F .
Notice that if F is of class Ck for k ≥ 1 then TF is of class Ck. If F is of class
C0 then TF is not necessarily of class C0. Therefore if F is of class C0 we
require that TF is of class C0.
A foliated manifold is just a connected smooth manifold together with a
fixed foliation. Two foliated manifolds (M,F) and (N,F ′) will be consid-
ered equivalent if there exists a diffeomorphism f : M → N mapping each
leaf of F diffeomorphically onto a leaf of F ′.
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Let’s see some elementary examples of foliations.
Product foliations. Let Σ be a connected orientable manifold. Set M =
Σ × S1. The product foliation on M is defined as the foliation F having as
leaves the hypersurfaces Σθ = Σ× θ. Notice that F is a smooth foliation.
Foliations and covering spaces. Suppose that M and B are two connected
smooth manifolds and that p : M → B is a smooth covering space projec-
tion. If F is a foliation on B we can pull-back F to a foliation F˜ of M just by
declaring as leaves the connected components of the surfaces p−1(Σ), with
Σ ⊂ B ranging amongst the leaves of F . A foliated atlas of F˜ is obtained by
precomposing with p the charts of a foliated atlas of F made of well covered
charts.
Foliations from submersions. Let B = R or S1. Suppose that M is a con-
nected and orientable smooth manifold and that f : M → B is smooth
submersion (i.e. a smooth map such that dpf 6= 0 for each p ∈ M ). Then
F = {Σy = f−1(y)| y ∈ B} defines a smooth foliation on M .
Reeb’s foliation. Let M = D2 × R. Define f : M → R by the formula
f(x, y, z) = (1− x2 − y2) · ez.
Computing partial derivatives we find that
∇f(x, y, z) =
 −2x · ez−2y · ez
(1− x2 − y2) · ez

and consequently that f is a submersion. Let F = {f−1(t)| t ∈ R} be the
smooth foliation associated to the submersion f . Notice that F is invariant
under the action of the map z 7→ z + 1 and consequently that F induce a
foliation F̂ on the solid torus D2×S1 = D2×R/z 7→z+1 called Reeb foliation.
Observe that ∂ (D2 × S1) = S1×S1 is the unique compact leaf of F̂ and that
all the other leaves of F̂ are noncompact and homeomorphic to R2. We refer
to the foliated manifolds (D2 × R,F) as the Reeb tube.
Foliations on lens spaces. Recall that a lens space is a closed, connected and
orientable three-manifold Y having a genus one Heegaard splitting. Given
a genus one Heegaard splitting Y = U0 ∪Σ U1 of a lens space Y we can build
a foliation F on Y by filling the solid tori U0, U1 ⊆ Y with the Reeb foliation.
Notice that Σ is the only compact leaf of F and that all the others leaves of
F are noncompact and homeomorphic to R2.
By means of this procedure we can obtain for example a foliation on the
three-sphere S3 as well on S2 × S1. Observe that the foliation of S2 × S1 ob-
tained through this procedure differs from its standard one having as leaves
the surfaces S2 × θ.
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Figure 1.1: A horizontal section of the Reeb foliation.
Some examples on surfaces. Let S denote the infinite strip [−pi
2
, pi
2
]×R. Define
a foliation F on S setting
F = {Ct∣∣ t ∈ R} ∪{± pi
2
× R
}
where Ct = {y = sec(x) + t}. Since F stay invariant under the action of the
translation maps in the y-direction, F induces a foliation F̂ on the annulus
[−pi
2
, pi
2
] × S1 = [−pi
2
, pi
2
] × R/y 7→y+1. In some sense F̂ is the two-dimensional
analogue of the Reeb foliation
Notice that intersecting the Reeb’s foliation on D2×S1 with the annulus A = D1×S1
we obtain a foliation on A that is nothing but the foliation described above. See figure
1.1 for a descriptive picture of this foliation on the annulus.
Note that the foliation F is symmetric with respect to the axis r = 0 × R.
Rotating the leaves of F around the r-axis we obtain a foliation F˜ on the
solid tube D2×R. The foliated manifold (D2×R, F˜) is nothing but the Reeb
tube described in the example above.
Foliations on the torus. Let T be the 2-torus. Think T as the quotient R2/Z2.
Fix r ∈ R. Let F˜r be the foliation of R2 having as leaves the straight lines of
slope r. Projecting to the quotient the leaves of F˜r we obtain a foliation Fr
of T . Notice that: if r ∈ Q then Fr is a collection of pairwise parallel simple
closed curves, if otherwise r ∈ R \Q then each leaf of Fr is dense in T .
The foliations Fr do not give an exhaustive description of the foliations
on the torus. A an example of foliation of the two torus, with a differ-
ent behaviour consider the foliation constructed as follows. Decompose
the 2-torus as the union of two annuli T = A ∪∂ B, then fill the annulus
A = S1 × [0, 1] with the product foliation (the foliation having as leaves the
curves S1 × t) and the annulus B with a horizontal section of the Reeb foli-
ation (figure 1.1). Since the boundary components of bot A and B are two
closed leaves of the product foliation and the Reeb foliation respectively,
those two foliations glue nicely to a foliation of the whole torus T = A∪∂ B.
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1.2 Foliations on Three-Manifolds
The use of foliation theory in low-dimensional topology has a quite long
history. Just to give an idea: at the beginning of the last century, Alexander
proved that a two-sphere in R3 bounds a three-ball mainly using a foliation
argument (see the original paper [2]); during the eighties, Gabai [7] used taut
foliations in order to compute the genus of arborescent links; more recently,
Ozsva´th and Szabo´ [30] used a mixture of foliation theory and contact ge-
ometry to prove that Heegaard Floer homology detects the Thurston norm
of a three-manifold and the minimal Seifert genus of a knot.
In this section we examine the most basic results of foliation theory in di-
mension three. This will be one of the main topics of our exposition.
Existence on closed three-manifolds.
As we have seen in the examples of the section above, each lens space has
a foliation. This is not a particular feature of lens spaces. In fact, for three-
manifolds, there is a general existence result.
Theorem 1.2.1 (Lickorish-Zieschang). Every connected, closed and orientable
three-manifold has a foliation.
Proof. Suppose Y is a connected, closed and orientable three-manifold.
Fix an open book decomposition Y = Σφ ∪∂ (T1 ∪ · · · ∪ Tn) of Y and
a collar A ⊆ Σ of ∂Σ. Without loss of generality we can suppose that
φ|A acts as the identity. Let Σ′ be the closure of Σ − A so that Σφ =
Σ
′
φ ∪∂ A× S1.
Let R be the Reeb foliation on D2 × S1. Notice that the leaves of R
intersect the surface {x2 + y2 = 1/2} × S1 transversally in meridional
curves. LetR′ be the restriction of F to {1 ≥ x2 + y2 ≥ 1/2} × S1.
Fill Σ′φ = Σ
′ × [0, 1]/(x,1)∼(φ(x),0) with the foliation having as leaves the
surfaces Σ′ × t. Then fill each connected component of A × S1 with a
copy of R′ so that the leaves of the foliation defined on Σ′φ glue nicely
with the leaves onA×S1 and each boundary component of Σφ is a com-
pact leaf of the resulting foliation. Gluing together the leaves of these
foliations we obtain a foliation F on Σφ. Notice that by construction
each boundary component of Σφ is a leaf of F .
Finally a foliation on Y = Σφ ∪∂ (T1 ∪ · · · ∪ Tn) can be obtained filling
Σφ with the foliation F constructed above and each solid torus Ti with
the Reeb foliation (see figure 1.2).
This theorem tell us that the merely existence of foliations, in dimension
three, does not impose any topological restriction. Moreover, as we will see
soon, the existence of foliations with particular behaviours can be used in
order to obtain topological information about the manifold.
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Figure 1.2: A section of the foliation near a boundary component of Σφ. The
blu shaded region represents the collar neighbourhood of the boundary.
Taut foliations.
Let Y be a connected orientable smooth three-manifold. A foliation F on Y
is called taut if: for each leaf Σ of F there exists a simple closed curve γ ⊆ Y
transverse to TF (i.e. such that γ˙(t) /∈ Tγ(t)F) intersecting Σ.
For example, if Σ is a connected, orientable surface then the product folia-
tion on Y = Σ × S1 is taut. A closed transversal intersecting all the leaves
is given by γ = p × S1, where p is a fixed point of Σ. On the other hand,
not all foliations are taut. For example, foliations associated to submersions
f : Y → R are never taut.
Leaves of taut foliations. There are various topological restrictions on the
compact surfaces that are leaves of taut foliations. A result that gives such a
restriction is the following.
Proposition 1.2.2. Let Y be a closed, connected, oriented three-manifold. Suppose
that Σ ⊆ Y is an oriented, closed surface smoothly embedded in Y . If Σ is a compact
leaf of a coorientable taut foliation on Y , then [Σ] 6= 0 in H2(Y,Z).
Proof. Suppose that Σ is a compact leaf of a coorintable taut foliation
F . Let γ be a closed transversal intersecting Σ. We shall prove that the
intersection number # (γ ∩ Σ) is non zero.
Fix a Riemannian metric on Y . Using the metric, we can decompose the
tangent bundle of Y in the direct sum TY = TF ⊕ TF⊥. Notice that
because of the coorientability condition TF⊥ is a trivial line bundle.
Fix X ∈ Γ(TF⊥) such that |X| ≡ 1. Up to exchanging X with −X ,
we can suppose that the vector field X|Σ ∈ Γ(νΣ) induces on Σ the
given orientation. Notice that if γ(t) ∈ γ ∩ Σ is a intersection point,
then 〈Xγ(t), γ˙(t)〉 > 0 (resp. < 0) if and only if γ(t) is a positive (resp.
negative) intersection point.
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Set u(t) = 〈Xγ(t), γ˙(t)〉. Notice that, because of the transversality condi-
tion, u(t) is never zero and consequently that all the intersection points
of γ∩Σ must have the same sign. On the other hand, γ∩Σ 6= ∅, therefore
# (γ ∩ Σ) can only be a positive or a negative integer.
In [46] Thurston proved the following theorem.
Theorem 1.2.3 (Thurston). Let Y be a compact, connected and oriented three-
manifold. Suppose that F is a taut foliation of Y . If Σ ⊆ Y is a orientable, compact
leaf of F then Σ minimizes the Thurston norm of [Σ] ∈ H2(Y,Z).
In the same flavour there is a celebrated theorem proved by Novikov [28].
Theorem 1.2.4 (Novikov). Let Y be a compact, connected and oriented three-
manifold. Suppose that F is a taut foliation of Y . If γ ⊆ Y is a simple closed curve
intersecting transversely all the leaves of F then [γ] ∈ pi1(Y ) has infinite order.
Taut foliations are Reebless. Let Y be a connected, orientable three-manifold
andF be a foliation on Y . A Reeb component ofF is a smoothly embedded
solid torus T ⊆ Y such that ∂T is a compact leaf ofF andF|T coincides with
the Reeb foliation. A foliation is said Reebless if has not Reeb components.
Theorem 1.2.5. Taut foliations are Reebless.
Proof. A coorientable foliation with Reeb components has a homologi-
cally trivial compact leaf (namely the boundary of one of its Reeb com-
ponents) and consequently, because of the proposition proved in the
paragraph above, can’t be taut.
In the non coorientable case, the proof goes as follows. Suppose by con-
tradiction that F is a taut foliation and that there exists a Reeb compo-
nent T ⊆ Y . Take a simple closed curve λ transverse to TF intersecting
∂T . Since ∂T disconnects Y and λ intersects ∂T , a subarc of λ gives a
properly embedded arc α : [0, 1] → T transverse to the Reeb foliation
such that α˙(0) points inside T and α˙(1) points outside T .
Let pi : D2 × R → T be the universal cover of the solid torus T and
R = {f−1(t) | t ∈ R} be the foliation of the Reeb tube. Lifting α to the
universal cover we obtain a properly embedded arc γ : [0, 1]→ D2 × R
transverse toR and such that
〈∇f(γ(0)), γ˙(0)〉 > 0 and 〈∇f(γ(1)), γ˙(1)〉 < 0.
Observing that the transversality condition can be expressed as
〈∇f(γ(t)), γ˙(t)〉 6≡ 0
we obtain the expected contradiction.
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The existence of Reebless foliations (hence of taut foliations) in closed ori-
entable three-manifolds has important topological consequences.
Theorem 1.2.6 (Palmeira, [37]). Suppose that F is a Reebless foliation of a closed
connected and orientable three-manifolds Y , with Y 6= S2 × S1. Denote by Y˜
the universal cover of Y and by F˜ the pull-back of F to the universal cover. Then
(Y˜ , F˜) is diffeomorphic as a foliated manifold to (R2 × R,L × R) where L is a
foliation by lines of R2. In particular if a three-manifold has a Reebless foliation,
then its universal cover is diffeomorphic to R3.
As consequence of this theorem we obtain for example that a lens space L(p, q) differ-
ent from S2 × S1 can not support Reebless foliations.
Assuming Palmeira’s Theorem, we prove the following corollary.
Corollary 1.2.7. If a closed, connected and orientable three-manifold Y , with Y 6=
S2 × S1, has a Reebless foliation, then pi1(Y ) is torsion free and pik(Y ) = 0 for
k ≥ 2. Furthermore, Y is irreducible.
Proof. Suppose that Y has a Reebless foliation and consequently that its
universal cover Y˜ is homeomorphic to R3. Since R3 is irreducible, and a
given three-manifold is irreducible iff its universal cover is irreducible
(see [13], theorem 3.15), we can conclude that also Y is irreducible.
Because of the fibration homotopy exact-sequence, we have isomor-
phisms pik(Y ) = pik(Y˜ ) = 0 for k ≥ 2. To see that pi1(Y ) is torsion
free we use an argument of group cohomology.
Suppose by contradiction that there exists a non-trivial subgroup H ⊂
pi1(Y ) such that H ' Z/mZ. Let YH be the covering space associated to
H . Because of the fibration homotopy exact-sequence, we have isomor-
phisms pik(YH) = pik(Y ) = 0 for k ≥ 2. Thus, YH is a K(Z/mZ, 1) and
H∗(YH ,Z) = H∗(Z/mZ,Z). On the other hand,H5(YH ,Z) = 0 since YH is
a three-manifold, whereas H5(Z/mZ,Z) = Z/mZ, a contradiction.
Note that when we proved that inside any closed three-manifold there is a
foliation, in fact we proved that any closed oriented three-manifold contains
a foliation with Reeb components.

CHAPTER 2
HEEGAARD FLOER THEORY
2.1 Heegaard Floer Homology
In [33] Ozsva´th and Szabo´ introduced a celebrated package of three-manifolds
invariants called Heegaard Floer homology. The aim of this section is to
give an introduction to Heegaard Floer homology for closed oriented three-
manifolds.
Given a closed, oriented three-manifold Y, in its simplest version Heegaard
Floer homology associates to Y an F2 vector space ĤF (Y ) that depends only
on the homeomorphism type of Y . Variants of this construction give related
invariants HF∞(Y ), HF−(Y ) and HF+(Y ). An interesting fact about Hee-
gaard Floer groups is that they decompose in direct sums indexed by Spinc
structures, whose summands can be used in order to distinguish Spinc man-
ifolds.
Sketch of the analytic construction.
Heegaard Floer homology is a bit like simplicial homology, in the sense that
in order to define it we associate to a specific combinatorial model of our
space (namely a Heegard diagram) a chain complex, whose homology does
not depend on which model we choose.
Let Y 3 be a rational homology sphere (for the purpose of this introduction,
we shall restrict to the case of rational homology spheres, when b1 > 0, the
construction needs some technical adjustments). In order to construct the
Heegard Floer complex of Y , choose a Heegaard diagram (Σ, α, β) of Y and
a base point z ∈ Σ\α∪β. We can think that the diagram (Σ, α, β) comes from
the gradient flow of a self indexing Morse function f : Y → [0, 3], with Σ
being the level surface f−1(2), the points in α being the points in Σ flowing
out of the index one critical points and the points in β being the points in Σ
flowing into of the index two critical points.
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The complex: symmetric products and totally real tori. Let g be the genus
of Σ. We assume, for technical reasons, that g ≥ 3. Notice that there is no
loss of generality in this assumption.
We define the g-fold symmetric product of Σ as the topological space
Symg(Σ) = Σ× · · · × Σ/Sg.
Here Sg denotes the symmetric group on g letters acting on the g-fold prod-
uct of Σ by permutations on coordinates. In other words, Symg(Σ) denotes
the set of unordered g-tuples of points in Σ, where each point can appear
more than one time. Although Sg does not act freely, Symg(Σ) is a smooth
manifold. Furthermore, any complex structure on Σ induces naturally a
complex structure on the symmetric product Symg(Σ).
The α-curves and the β-curves of the Heegaard diagram (Σ, α, β) give a pair
of g-dimensional tori smoothly embedded in Symg(Σ)
Tα = α1 × · · · × αg Tβ = β1 × · · · × βg.
More precisely Tα (resp. Tβ) is the set of unordered g-tuples {x1 . . . xg} ∈
Symg(Σ) such that xi ∈ αi (resp. xi ∈ βi) for i = 1, . . . , g.
These tori enjoy a certain compatibility with any complex structure induced
from Σ on Symg(Σ). Namely, they are two totally real submanifolds of the
g-fold symmetric product Symg(Σ)1.
Notice that, because the α- and β-curves are transversal inside Σ, the g-
torus Tα meet transversally the g-torus Tβ inside Symg(Σ). Therefore, by
compactness the intersection Tα ∩ Tβ is a finite collection of points.
The Heegaard Floer complex CF∞(Σ, α, β) associated to the Heegaard dia-
gram (Σ, α, β) is defined as the F2 vector space generated by the pairs [x, i]
with x ∈ Tα ∩ Tβ and i ∈ Z.
OnCF∞(Σ, α, β) there is a structure of F2[U,U−1] module, defined by setting
U±1 · [x, i] = [x, i∓ 1] .
The subspace of CF∞(Σ, α, β) generated by the pairs [x, i] with i < 0 is an
F2[U ] submodule and is denoted by CF−(Σ, α, β). Is also interesting to con-
sider the quotient module of CF∞(Σ, α, β) by the submodule CF−(Σ, α, β),
which will be denoted by CF+(Σ, α, β). Notice that there is a short exact
sequence of F2[U ] modules
0 // CF−(Σ, α, β) i // CF∞(Σ, α, β) pi // CF+(Σ, α, β) // 0 .
1Recall that a submanifold L ⊆ Z of an almost complex manifold (Z, J) is said totally
real if none of its tangent spaces contains a J-complex line, i.e. TpL ∩ J (TpL) = (0) for all
p ∈ Z.
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Multiplication by U gives a linear map CF+(Σ, α, β) → CF+(Σ, α, β). Its
kernel, the subspace of CF+(Σ, α, β) annihilated by U , will be denoted by
ĈF (Σ, α, β). Of course, there is a short exact sequence of F2 vector spaces
0 // ĈF (Σ, α, β) i // CF+(Σ, α, β) U · // CF+(Σ, α, β) // 0 .
In practice, ĈF (Σ, α, β) can be thought of as the F2 vector space generated
by the intersection points in Tα ∩ Tβ , while CF+(Σ, α, β) as the subspace of
CF∞(Σ, α, β) generated by the pairs [x, i] with i ≥ 0.
Intersection points and Spinc structures. The choice of the base point z can
be used in order to decompose the Heegaard Floer complex into a direct
sum indexed on Spinc structures. Given a base point z ∈ Σ\α∪β, we define
a map
sz : Tα ∩ Tβ → Spinc(Y )
as follows. Notice that each intersection point x ∈ Tα ∩ Tβ determines a
g-tuple of trajectories of ∇f connecting the index-one and the index-two
critical points. Similarly, the base point z gives a trajectory connecting the
index-zero critical point with the index-three critical point. Deleting tubu-
lar neighbourhoods of these g + 1 trajectories, we obtain a compact domain
K ⊆ Y where the gradient vector field∇f does not vanish. Now the bound-
ary of K is a disjoint union of g + 1 two-spheres where the gradient vector
field ∇f has index zero (this is because, by construction, each boundary
component of K bounds a 3-ball in Y containing exactly two critical points
with indices of different parity), therefore the vector field ∇f can be ex-
tended as a nowhere vanishing vector field on all of Y . The homology class
of the resulting vector field defines a Spinc structure of Y . Define sz(x) as
this element of Spinc(Y ).
Using the map sz : Tα ∪ Tβ → Spinc(Y ) we can split the Heegaard Floer
complex into the direct sum
CF∞(Σ, α, β) =
⊕
t∈Spinc
CF∞(Σ, α, β, t)
where CF∞(Σ, α, β, t) denotes the subspace of CF∞(Σ, α, β) generated by
the pairs [x, i] with x ∈ Tα ∩ Tβ such that sz(x) = t. Of course, the direct
sum decomposition of CF∞ induces a direct sum decomposition of all the
other complexes
CF−(Σ, α, β) =
⊕
t∈Spinc
CF−(Σ, α, β, t) ĈF (Σ, α, β) =
⊕
t∈Spinc
ĈF (Σ, α, β, t)
CF+(Σ, α, β) =
⊕
t∈Spinc
CF+(Σ, α, β, t).
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Whitney disks connecting intersection points. The basic concept needed in
the definition of the Heegaard Floer differential is that of Whitney disk.
Given a pair of intersection points x,y ∈ Tα∩Tβ a Whitney disk connecting
x and y is a continuous map u : [0, 1]×R→ Symg(Σ) satisfying the following
boundary conditions
- u (0× R) ⊆ Tα and u (1× R) ⊆ Tβ ;
- limt→−∞ u(s, t) = x and limt→+∞ u(s, t) = y.
We are interested in the homotopy classes of Whitney disks. We denote by
pi2(x,y) the set of homotopy classes of Whitney disks connecting a pair of
intersection points x,y ∈ Tα ∩ Tβ .
Working with Whitney disks a natural question arises: given two intersec-
tion points x,y ∈ Tα ∩ Tβ , when are they connected by a Whitney disk? In
other words, when is pi2(x,y) not empty?
Let x,y ∈ Tα ∩ Tβ be two intersection points. Denote by γx and γy the one
chain composed by the flow lines of ∇f flowing throughout the points in
x and y respectively. The difference γx − γy defines a union of loops in Y .
Denote its homology class by (x,y) ∈ H1(Y,Z). In [33] the following is
proved.
Proposition. If x,y ∈ Tα∩Tβ are two intersection points, then pi2(x,y) is empty
if and only if (x,y) 6= 0. Furthermore, (x,y) = 0 if and only if sz(x) = sz(y).
Having answered the existence problem for Whitney disks we turn to the
question of counting their homotopy classes.
The base point z ∈ Symg(Σ) induces a complex submanifold of the symmet-
ric product
Vz = {z} × Symg−1(Σ) ⊆ Symg(Σ).
Given a homotopy class φ ∈ pi2(x,y), define nz(φ) = #φ ∩ Vz.
nz(φ) is well defined because Vz is disjoint from the totally real tori Tα,Tβ ⊆ Symg(Σ)
and the boundary of a Whitney disk lies on Tα ∪ Tβ .
In [33], using standard techniques from algebraic topology, the following
proposition is proved.
Proposition. Suppose that Σ has genus g ≥ 3. If x,y ∈ Tα ∩ Tβ are two
intersection points such that pi2(x,y) is not empty, then to each homotopy class
φ ∈ pi2(x,y) can be associated a homology class h(φ) ∈ H2(Y,Z) so that the map
φ 7→ (nz(φ), h(φ)) defines a bijection between pi2(x,y) and Z⊕H2(Y,Z).
Summarizing: under the assumption that Σ has genus g ≥ 3, if (x,y) 6= 0
then pi2(x,y) is empty, otherwise pi2(x,y) ' Z⊕H2(Y,Z).
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The differential: a count of holomorphic disks. In order to define the differ-
ential of Heegaard Floer homology we need a complex structure on Symg(Σ).
As observed before, a complex structure on Σ gives us a complex structure
on Symg(Σ), so we fix a complex structure on Σ.
A Whitney disk u is holomorphic if it satisfies the so-called Cauchy-Riemann
differential equation
∂u
∂s
(s, t) + J
(
∂u
∂t
(s, t)
)
= 0 .
Let φ ∈ pi2(x,y) be a homotopy class of Whitney disks. We denote the mod-
uli space of holomorphic representatives of φ byM(φ). By definitionM(φ)
is nothing but the set of holomorphic Whitney disks in the homotopy class
φ. There is a natural action of R on M(φ). Namely given a holomorphic
representative u ∈ M(φ) we could precompose u with any translation in
the vertical direction and get another holomorphic disk inM(φ). We define
the unparametrised moduli space of holomorphic representatives of φ as
the quotient ofM(φ) by the R-action defined above
M̂(φ) = M(φ)
R
.
Associated to a homotopy class φ ∈ pi2(x,y) there is a integer µ(φ), called
Maslov index, that morally computes the dimension of the moduli space
M(φ). The Maslov index is defined in [38] as the index of a certain elliptic
operator. The details of this definition go beyond the scope of this introduc-
tion. What is important here is that the complex structure on Symg(Σ) can
be perturbed so that if µ(φ) = 1 thenM(φ)/R is a compact zero dimensional
manifold (hence having a finite number of points).
With the above understood, we define the Heegaard Floer differential
∂ : CF∞(Σ, α, β)→ CF∞(Σ, α, β)
by the formula
∂[x, i] =
∑
y∈Tα∩Tβ
∑
φ∈pi2(x,y)
µ(φ)=1
#M̂(φ) · [y, i− nz(φ)]
where #M̂(φ) denotes the number modulo two of points in the moduli
space (there is also a version of Heegaard Floer homology with coefficients
in Zwhere the number of this points is counted with sign).
In [33], Ozsva´th and Szabo´ proved that ∂ is a well-defined and that ∂2 = 0.
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Since Vz is a complex submanifold of the symmetric product Symg(Σ), if φ ∈
pi2(x,y) has a holomorphic representative then nz(φ) ≥ 0. Consequently,
CF−(Σ, α, β) is a subcomplex of CF∞(Σ, α, β). Passing to the quotient ∂
defines also a differential on CF+(Σ, α, β).
Of course, also ĈF (Σ, α, β) is left invariant by the action of ∂ and thus in-
herits a chain complex structure from CF+(Σ, α, β). If we think ĈF (Σ, α, β)
concretely as the F2 vector space generated by the intersection points be-
tween Tα and Tβ , the differential acts by the formula
∂x =
∑
y∈Tα∩Tβ
φ∈pi2(x,y)
∑
nz(φ)=0
µ(φ)=1
#M̂(φ) · y .
Define the Heegaard Floer homology groups HF∞(Y ), HF−(Y ), HF+(Y )
and ĤF (Y ) as the homology groups of the chain complexes CF∞(Σ, α, β),
CF−(Σ, α, β), CF+(Σ, α, β) and ĈF (Σ, α, β).
The Heegaard Floer differential commutes with the action ofU , thusHF∞(Y ),
HF−(Y ) andHF+(Y ) inherit a structure of F2[U ] module. The group ĤF (Y )
does not have this additional structure (it is only a vector space on F2) be-
cause U acts trivially on ĈF .
Two intersection points which do not define the same Spinc structure are not
connected by any Whitney disk. Consequently, the Heegaard Floer groups
split into direct sums
HF∞(Y ) =
⊕
s∈Spinc
HF∞(Y, s) HF−(Y ) =
⊕
s∈Spinc
HF−(Y, s)
ĤF (Y ) =
⊕
s∈Spinc
ĤF (Y, s) HF+(Y ) =
⊕
s∈Spinc
HF+(Y, s).
Notice that, for each Spinc structure, HF∞(Y, s), HF−(Y, s) and HF+(Y, s)
are submodules of HF∞(Y ), HF−(Y ) and HF+(Y ), respectively.
In [33], Ozsva´th and Szabo´ proved the following theorem.
Theorem. For each Spinc structure s on Y the homology groups HF∞(Y, s),
HF−(Y, s), HF+(Y, s) and ĤF (Y, s) do not depend on the choice of the Heegaard
diagram (Σ, α, β), the base point z, nor the complex structure on Σ. Consequently,
these groups are invariants of the Spinc manifold (Y, s).
In the particular case of rational homology spheres, HF∞(Y, s) is always
isomorphic to F2[U,U−1]. So clearly this is not a good invariant. On the
other hand the homology groups HF−, HF+ and ĤF produce more subtle
invariants.
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3-Manifolds with b1 > 0. When b1(Y ) is positive there is a technical prob-
lem in the definition of the Heegaard Floer differential. Consider for exam-
ple the case of the hat version. When Y is a rational homology sphere, the
differential is automatically well defined since given two intersection points
there is at most one homotopy class φ ∈ pi2(x,y) such that nz(φ) = 0. When
b1 > 0 the set of such classes became infinite, and in the definition of the
boundary map we might now have infinitely many summands correspond-
ing to homotopy classes of Whitney disks with Maslov index 1. In order
to get a finite sum it should be proved that only finitely many of these ho-
motopy classes support holomorphic disks. In [33] this problem is achieved
through the use of special Heegard diagrams in the definition of the Hee-
gaard Floer chain complex, called admissible Heegaard diagrams. With this
said, the constructions from the previous sections apply and give the Hee-
gaard Floer homology groups also when b1 > 0.
Basic proprieties of Heegaard Floer homology.
In this section we collect from [32] various properties of Heegaard Floer
homology groups. These properties are in some sense the analogues for
Heegaard Floer theory of the Eilenberg–Steenrod axioms for the standard
homology theory. Because of our purposes, we will concentrate mainly on
the properties of the hat version of Heegaard Floer homology.
Long exact sequences. The zoo of groups in the Heegaard Floer package
are related by a pair of long exact sequences. Those exact sequences can
be thought of as the analogue for Heegaard Floer theory of the long exact
sequence of the pair.
Theorem 2.1.1. Let Y be a closed, connected, oriented three-manifold and s a Spinc
structure on Y . Then, there is a long exact sequence of F2[U ] modules
. . . // HF−(Y, s)
i∗ // HF∞(Y, s)
pi∗ // HF+(Y, s) // . . .
in which the groups HF∞(Y, s), HF−(Y, s) and HF+(Y, s) repeats cyclically.
Proof. Fix a pointed Heegaard diagram (Σ, α, β, z) of Y . The short exact
sequence of F2[U ] modules
0 // CF−(Σ, α, β) i // CF∞(Σ, α, β) pi // CF+(Σ, α, β) // 0
restricts to a short exact sequence
0 // CF−(Σ, α, β, s) i // CF∞(Σ, α, β, s) pi // CF+(Σ, α, β, s) // 0
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and a straightforward computation reveals that the diagram
∂

∂

∂

0 // CF−(Σ, α, β, s) i //
∂

CF∞(Σ, α, β, s) U · //
∂

CF+(Σ, α, β, s) //
∂

0
0 // CF−(Σ, α, β, s) i //
∂

CF∞(Σ, α, β, s) U · //
∂

CF+(Σ, α, β, s) //
∂

0
is commutative. The required exact sequence is then obtained using the
Snake Lemma (see [12] Theorem 2.16).
Theorem 2.1.2. Let Y be a closed, connected, oriented three-manifold and s a Spinc
structure on Y . Then, there is a long exact sequence of F2 vector spaces
. . . // ĤF (Y, s)
i∗ // HF+(Y, s)
U∗ // HF+(Y, s) // . . .
in which the triple repeats cyclically.
Proof. Fix a pointed Heegaard diagram (Σ, α, β, z) of Y . The short exact
sequence of F2 vector spaces
0 // ĈF (Σ, α, β) i // CF+(Σ, α, β) U · // CF+(Σ, α, β) // 0
restricts to a short exact sequence
0 // ĈF (Σ, α, β, s) i // CF+(Σ, α, β, s) U · // CF+(Σ, α, β, s) // 0
and a straightforward computation reveals that the diagram
∂

∂

∂

0 // ĈF (Σ, α, β, s) i //
∂

CF+(Σ, α, β, s) U · //
∂

CF+(Σ, α, β, s) //
∂

0
0 // ĈF (Σ, α, β, s) i //
∂

CF+(Σ, α, β, s) U · //
∂

CF+(Σ, α, β, s) //
∂

0
is commutative. The required exact sequence is then obtained using the
Snake Lemma as above.
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As an application of the last theorem we prove following corollary.
Corollary 2.1.3. ĤF (Y, s) is non zero if and only if HF+(Y, s) is non zero.
Proof. Theorem 2.1.2 gives a long exact sequence
. . . // ĤF (Y, s)
i∗ // HF+(Y, s)
U∗ // HF+(Y, s) // . . . .
Therefore, the multiplication map U∗ : HF+(Y, s) → HF+(Y, s) is an
isomorphism if and only if ĤF (Y, s) = 0. On the other hand, since at
chain level for each a ∈ CF+(Y ) there exist n > 0 such that Un · a = 0,
U∗ has non trivial kernel unless HF+(Y, s) = 0.
Heegaard Floer homology of connected sums. In Heegaard Floer theory there
is also a Ku¨nneth-type formula relating the homology of a connected sum
with the homology of the summands.
Suppose that Y1 and Y2 are two closed 3-manifold. A Spinc structure s1
of Y1 together with a Spinc structure s2 of Y2 rule a Spinc structure of the
connected sum Y1#Y2 as follow.
Fix a trivialization of the tangent bundles of Y1 and Y2. Let X1 : Y1 → S2 and
X2 : Y2 → S2 be unit length representatives of s1 and s2 respectively. Re-
move an open 3-ball from Y1 and Y2 in order to obtain two three-manifolds
Y˚1 and Y˚2 that glued together along the boundary spheres give the con-
nected sum Y1#Y2. The fact that the vector fields Xi|∂Y˚i : ∂Y˚i → S2 (i =
1, 2) extend throughout the three-manifolds guarantees that these two maps
have the same degree (namely zero) and hence that they are smoothly ho-
motopic. By means of these homotopies we can change X1|Y˚1 and X2|Y˚2 in a
collar neighbourhood of the boundary so that they agree on the separating
sphere of Y1#Y2. After these modification we can glue X1|Y˚1 and X2|Y˚2 in
order to obtain a vector field X1#X2 on the whole Y1#Y2. We denote by
s1#s2 the Spinc structure defined by the vector field X1#X2 .
Note that with a similar argument one can prove that each never vanishing
vector field X on a connected sum Y1#Y2 decomposes as a ”sum” X1#X2,
and consequently that each Spinc structure s ∈ Spinc(Y1#Y2) is of the form
s1#s2 for some Spinc structures s1 and s2 on Y1 and Y2 respectively.
The following theorem is proved in [32].
Theorem 2.1.4 (Ku¨nneth Formula). Let Y1 and Y2 be a pair of three-manifolds,
equipped with Spinc structures s1 and s2 respectively. Then, we have an isomor-
phism
ĤF (Y1#Y2, s1#s2) ' ĤF (Y1, s1)⊗F2 ĤF (Y2, s2).
26 2. HEEGAARD FLOER THEORY
Functoriality. Probably the most useful property of singular homology is
functoriality. Also, Heegaard Floer homology enjoys a similar property,
but with a little difference: the category to consider is not the one of three-
manifolds together with continuous maps, but the cobordism category.
Recall that a cobordism between two closed oriented three-manifolds X
and Y , is a oriented smooth four-manifold W such ∂W = −X ∪ Y . If W
is a cobordism from a three-manifold X to a three-manifold Y , we write for
short W : X → Y .
There is an obvious notion of composition between cobordisms. Namely,
given two cobordisms W : X → Y and W ′ : Y → Z, we can form a cobor-
dism from X to Z just by gluing W and W ′ along the common boundary
component Y . There is also a notion of identity cobordism from a given
closed oriented three-manifold Y to itself: the cylinder W = Y × I .
In [32], the following theorem is proved.
Theorem 2.1.5 (Functoriality Principle). To each smooth cobordism W : Y1 →
Y2 between closed oriented three-manifolds is associated a linear mapFW : ĤF (Y1)→
ĤF (Y2), so that
i) if W : Y1 → Y2 and W ′ : Y2 → Y3 are two smooth cobordisms, then we have
the composition law FW∪Y2W ′ = FW ′ ◦ FW ;
ii) the map associated to the cylinder cobordism is the identity.
Surgery exact sequence. The surgery exact sequence provides a useful com-
putational device for Heegaard Floer homology.
Let Y be a closed oriented three-manifold, and K ⊂ Y an oriented knot
inside it. Suppose that µ is a meridian of K, and that a longitude λ of K
has been chosen. Let Y0 = Yλ(K) denote the three-manifold obtained from
Y by λ-surgery along K, and let Y1 = Yλ+µ(K) denote the three-manifold
obtained from Y by (λ + µ)-surgery along K. A ordered triple (Y, Y0, Y1)
of three-manifolds constructed through this procedure will be called a Hee-
gaard Floer skein triple.
If (Y, Y0, Y1) is a skein triple, we can find a cobordism W : Y → Y0 by attach-
ing on Y ×[0, 1] a two-handle alongK×1 with fraiming (λ×1). Analogously,
we can find cobordisms W0 : Y0 → Y1 and W1 : Y1 → Y .
In [32], the following theorem is proved.
Theorem 2.1.6 (Surgery Exact-Sequence, [32]). If (Y, Y0, Y1) is a Heegaard Floer
skein triple, then there is an exact sequences relating the Heegaard Floer homology
groups
. . . // ĤF (Y )
FW // ĤF (Y0)
FW0 // ĤF (Y1)
FW1 // . . .
in which the triple repeats cyclically.
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2.2 L-Spaces, Taut Foliations and
Left-Orderability
L-Spaces.
Roughly speaking, L-spaces are the rational homology spheres with trivial
Heegaard Floer homology. We start with a lemma that motivates our defi-
nition of L-space.
Lemma 2.2.1. If Y is a rational homology three-sphere, then for each Spinc struc-
ture s the homology group ĤF (Y, s) is non zero. Consequently, we have
dimF2ĤF (Y ) ≥ #Spinc(Y ) = |H1(Y,Z)| .
Proof. Fix a Spinc structure s of Y . If by contradiction ĤF (Y, s) vanishes
then also HF+(Y, s) vanishes. Since HF−, HF∞ and HF+ fit in a long
exact sequence of F2[U ] modules,
. . . // HF−(Y, s)
i∗ // HF∞(Y, s)
pi∗ // HF+(Y, s) // . . .
if HF+(Y, s) = 0 we have that HF−(Y, s) ' HF∞(Y, s) as F2[U ] mod-
ules. But this is impossible because HF−(Y, s) is finitely generated as
an F2[U ] module, whereas HF∞(Y, s) = F2[U,U−1] is not.
A rational homology sphere Y such that dimF2ĤF (Y ) = |H1(Y )| is usually
called an L-space. The term L-space is the short for Heegard Floer homology
lens space. In fact lens spaces provide the most basic example of L-spaces.
Proposition 2.2.2. If Y is a lens space different from S2×S1, then Y is an L-space.
In particular, the three-sphere S3 is an L-space.
Proof. Observe first that a lens space Y = L(p, q) is a rational homology
sphere unless p = 0. If p = 0 then q = ±1 and L(0,±1) ' S2 × S1, so
assume that p 6= 0. In this case H1(Y,Z) = Z/pZ and Y has exactly p
Spinc structures. Hence, dimF2ĤF (Y ) ≥ p and we have only to prove
that the other inequality holds.
A Heegaard diagram of Y = L(p, q) is given by (T 2, λ, pµ + qλ). After
two stabilizations we obtain a genus-three Heegard diagram (Σ, α, β)
of Y whose totally real tori Tα and Tβ intersect in exactly p points.
The Heegard-Floer complex associated to such Heegaard diagram has
p generators, hence
p = dimF2ĈF (Σ, α, β) ≥ dimF2ĤF (Y )
and we are done.
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Because of the Ku¨nneth Formula for Heegaard Floer homology, the set of
L-spaces is closed under connected sum.
Proposition 2.2.3. If Y1 and Y2 are two rational homology spheres, then Y =
Y1#Y2 is an L-space if and only if Y1 and Y2 are both L-spaces.
Proof. Because of the Ku¨nneth Formula for connected sums, we have
an identification
ĤF (Y ) ' ĤF (Y1)⊗F2 ĤF (Y2)
hence
dimF2ĤF (Y ) = dimF2
(
ĤF (Y1)⊗F2 ĤF (Y2)
)
= dimF2ĤF (Y1) · dimF2ĤF (Y2).
Since H1(Y ) = H1(Y1)×H1(Y2) we have that
|H1(Y )| = |H1(Y1)| · |H1(Y2)| .
Consequently, Y is an L-space if and only if in the inequality
dimF2ĤF (Y1) · dimF2ĤF (Y2) ≥ |H1(Y1)| · |H1(Y2)|
the equality holds. But, since
dimF2ĤF (Y1) ≥ |H1(Y1)| , dimF2ĤF (Y2) ≥ |H1(Y2)|
with equalities only in the case when Y1 and Y2 are L-spaces, the latter
inequality is an equality if and only if Y1 and Y2 are both L-spaces.
In [35], Ozsva´th and Szabo´ proved that three-manifolds with elliptic geom-
etry are L-spaces, and gave explicitly a characterization of L-spaces in the
class of Seifert manifolds. In the same paper they study L-spaces generated
by surgery on knots, providing various restrictions on knots having L-space
surgeries.
Other examples of L-spaces are branched double covers of alternating knots.
It is still unknown under what conditions the branched double cover (and
in general the n-th fold branched cover) of a given knot is an L-space.
An interesting question in Heegard Floer theory is the following.
Question. Is there a topological characterization of L-spaces?
Here by topological characterization we mean a characterization that does
not refer to Heegard Floer homology. In the particular case of integral ho-
mology spheres Hedden and Levine proposed the following answer to this
question.
Heegaard-Floer Poincare´ Conjecture (Hedden & Levine). If Y is an irre-
ducible integral homology sphere that is an L-space, then Y is homeomorphic to
either the standard three-sphere S3 or to the Poincare´ homology sphere.
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We conclude the section stating an L-space criterion that could be very use-
ful in practice.
Theorem 2.2.4 (L-Space Skein Criterion). Let Y, Y0 and Y1 be rational homology
spheres. Suppose that Y, Y0 and Y1 fit in a Heegaard Floer skein triple and that, up
to a cyclic reordering, we have the equality
|H1(Y )| = |H1(Y0)|+ |H1(Y1)| .
Then, if Y0 and Y1 are L-spaces, so is Y .
Proof. The Heegaard-Floer surgery exact sequence gives a long exact
sequence
. . . // ĤF (Y1) // ĤF (Y ) // ĤF (Y0) // . . .
from where the identity
2C − dimĤF (Y1) + dimĤF (Y )− dimĤF (Y0) = 0
can be deduced. Here C ≥ 0 is the dimension (as F2 vector space) of
the kernel of the connection homomorphism.
Since Y0 and Y1 are L-spaces the latter identity reduces to
2C − |H1(Y1)|+ dimĤF (Y )− |H1(Y0)| = 0.
Thus, because of the identity |H1(Y )| = |H1(Y0)| + |H1(Y1)|, we have
that
2C + dimĤF (Y )− |H1(Y )| = 0.
Consequently
dimĤF (Y ) ≤ 2C + dimĤF (Y ) = |H1(Y )|
and we are done.
Taut Foliations and Heegard Floer Homology.
As we have seen before, there are several restrictions on three-manifolds
that can support a taut foliation. What about their existence? Moving in
this direction Gabai [7] proved the following theorem.
Theorem 2.2.5 (Gabai). A prime, compact, connected and orientable three-manifold
with b1 > 0 has a taut foliation. Furthermore, if Y is such a manifold and Σ ⊂ Y is
a properly embedded surface minimizing the Thurston norm of its homology class,
then Y has a taut foliation having Σ as a leaf.
So we have the following question.
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Question. When does an irreducible rational homology sphere have a taut
foliation?
In [30], Ozsva´th and Szabo´ proved that Heegard Floer homology provide
an obstruction to existence of taut foliations on rational homology spheres.
Theorem 2.2.6 (Ozsva´th & Szabo´). If an irreducible rational homology three-
sphere Y has a taut foliation, then dimF2ĤF (Y ) > |H1(Y,Z)|. In other words, a
rational homology three-sphere that has a taut foliation is not an L-space.
Idea of proof. In [30] they prove that if a contact three manifold (Y, ξ)
has a weak symplectic semi-filling with disconnected boundary, then Y
is not an L-space. On the other hand, the plane field of a taut foliation
on Y can be perturbed to positive and to negative contact structures ξ±,
so that (Y ∪ −Y, ξ+ ∪ ξ−) is symplectically semi-fillable.
In the light of this theorem a possible answer to the latter question could be
the following.
L-space Conjecture. The converse to the Ozsva´th-Szabo´’s criterion is true: if
an irreducible rational homology three-sphere is not an L-space, then it has a taut
foliation.
Notice that this conjecture, together with the conjecture by Hedden-Levine on integral
homology spheres, would imply Poincare´ conjecture. Let’s see a proof. Suppose that
Y is a simply connected, closed three-manifold. Decompose Y as connected sum of
prime manifolds, Y = Y1# . . . ,#Yn#m(S2 × S1). Since Y is simply connected and
pi1(Y ) is the free product of the fundamental groups of the prime factors, m = 0 and
each of the Yi is simply connected. Since a closed, simply connected three-manifold
can not have a taut foliation (Novikov’s theorem), each Yi is an L-space. Thus Yi = S3
or the Poincare´ homology sphere. But the Poincare´ homology sphere is not simply
connected (its fundamental group has 120 elements!), thus Yi = S3 for each i, and
Y = S3# . . .#S3 = S3.
As we will see later, there is large phenomenological evidence for this con-
jecture. Note that if this conjecture were true then we would have a topo-
logical characterization of L-spaces.
Three-Manifolds with Left Orderable Fundamental Group.
Another conjectural characterization of L-spaces is stated in terms of a prop-
erty of their fundamental group, namely left orderability.
Left-orderable groups. A non trivial group G is said to be left-orderable if
there exist a total order ≺ on G such that: if a ≺ b then ga ≺ gb for all
g ∈ G. Examples of left orderable groups are Z,Q andRwith their canonical
orders, non trivial subgroups of left-orderable groups and finite products of
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left-orderable groups. A less trivial example of left-orderable group is given
by the group of self homeomorphism of the real line.
Proposition 2.2.7. The group Homeo+(R) of the orientation preserving homeo-
morphism of the real line is left orderable.
Proof. Let D = {x1, x2, . . . } be a dense countable subset of the real line
(e.g. D = Q). Given f, g ∈ Homeo+(R) define f ≺ g if either f = g or
for the first index n > 0 such that f(xn) 6= g(xn) the inequality f(xn) <
g(xn) holds.
Clearly ≺ is a total order on Homeo+(R). The compatibility of ≺ with
the operation follows from the fact that the orientation preserving home-
omorphisms of the real line are strictly increasing functions.
Note that there are algebraic restrictions on groups that can have a total
order compatible with the operations.
Proposition 2.2.8. Left orderable groups are torsion-free. In particular finite groups
are not left orderable.
Proof. Suppose that ≺ is a left order on a group G. Given g ∈ G such
that gn = 1, if 1 ≺ g we have the inequalities 1 ≺ g ≺ g2 ≺ · · · ≺ gn = 1,
if otherwise g ≺ 1 we have that 1 ≺ g−1 ≺ g−2 ≺ · · · ≺ g−n = 1. In both
cases we deduce that g = 1, and consequently thatG is torsion-free.
The groupHomeo+(R) plays an important role in the theory of left-orderable
groups. In fact we have the following theorem.
Proposition 2.2.9. If G is a non-trivial countable group, then G is left-orderable if
and only if G is isomorphic to a subgroup of Homeo+(R).
Proof. Clearly, since Homeo+(R) is left-orderable, if G embeds in this
group then it is left-orderable. For the other direction, suppose that G
is left-orderable and fix a left order ≺ on G.
Consider the set X = G × Q. We put a total order relation ≺ on X
declaring (a, x) ≺ (b, y) if either a ≺ b or a = b and x ≤ y in the canonical
order of Q. Clearly, (X,≺) is an unbounded, dense ordered set. Since,
up to isomorphisms of ordered sets, (Q,≤) is the only countable totally
ordered set with these properties, there is an isomorphism of ordered
sets φ : X → Q.
Setting g · (a, x) = (ga, x) we obtain a faithful action of G on X by
increasing bijections . By conjugating this action with the isomorphism
φ : X → Q, we get an action of G on Q. In other words, an element
g ∈ G may be made to act on a given rational number x ∈ Q by the
formula g · x = φ(g · φ−1(x)). So from each g ∈ G we get an increasing
bijection ϕg : Q→ Q.
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Notice that, by density, a given increasing bijection f : Q → Q can be
uniquely extended to an orientation preserving homeomorphism of the
real line f¯ ∈ Homeo+(R) setting for each x ∈ R
f¯(x) = sup
{
f(q)
∣∣ q ∈ Q ∩ (−∞, x]}.
Thus, for each g ∈ G, the map ϕg : Q→ Q can be extended to an orien-
tation preserving homeomorphism ϕ¯g of the real line. At this point, an
embedding of G into Homeo+(R) is provided by the map g 7→ ϕ¯g.
For more about left-orderablity see the notes at the end of this chapter.
3-Manifolds with left-orderable fundamental group. Clearly, left orderabil-
ity of the fundamental group of a three-manifold is a topological invariant.
So, an interesting question could be the following.
Question. When is the fundamental group of a 3-manifold left-orderable?
In approaching this question, we may restrict to the case of irreducible three-
manifolds. In fact, Vinogradov [47] proved the following theorem.
Theorem 2.2.10 (Vinogradov). IfG andH are two non trivial groups, thenG∗H
is left-orderable if and only if G and H are both left-orderable. Consequently, if Y
is a closed orientable three-manifold, then pi1(Y ) is left-orderable if and only if the
fundamental group of each of its prime factors is left-orderable.
Boyer, Rolfsen and Weist [42] answered the question above in the case of
three-manifolds with positive first Betti number. In fact, they proved the
following theorem.
Theorem 2.2.11 (Boyer, Rolfsen & Wiest). Let Y be a compact, connected, ori-
entable, irreducible three-manifold. Then pi1(M) is left orderable if and only if it
has a quotient that is left-orderable. Consequently, if b1(Y ) > 0 then pi1(Y ) is
left-orderable.
Proof. See the notes at the end of this chapter.
So the question above can be sharpened to the following question.
Question. When is the fundamental group of an irreducible rational homology
three-sphere left-orderable?
Recently, Boyer, Gordon and Watson conjectured that a possible answer to
this question could be in terms of Heegaard Floer theory. In fact, they made
the following conjecture.
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Left-Orderability Conjecture (Boyer, Gordon & Watson). An irreducible ra-
tional homology three-sphere has left-orderable fundamental group if and only if it
is not an L-space.
Piecing together all the conjectural characterizations of L-spaces we obtain
the following conjecture.
Total L-Space Conjecture. Suppose that Y is an irreducible rational homology
three-sphere. Then, the following conditions on Y are equivalent: i) Y is not an
L-space, ii) Y has a taut foliation, iii) the group pi1(Y ) is left-orderable.
Taut Foliations and Left-Orderability.
According to the Left-Orderability Conjecture the existence of taut foliations
on a given three-manifold should be related to left-orderability of its fun-
damental group. Let us see some relations between Foliation Theory and
left-orderability.
Let Y be a closed, connected, orientable three-manifold. Suppose that F is a
coorientable taut foliation of Y . If p : Y˜ → Y is the universal cover of Y , we
can pull-back the foliation F to a foliation F˜ of Y˜ by declaring as leaves the
connected components of the surfaces p−1(Σ), with Σ ⊂ Y ranging among
the leaves of F .
We define the leaf space Λ of F˜ as the topological quotient of Y˜ in which
we identify two points Y˜ if and only if they lie to the same leaf of F˜ .
In general Λ is a non-Hausdorff, one-dimensional simply connected mani-
fold. If the leaf space Λ is homeomorphic to the standard real line R, we say
that F is R-covered.
We have the following theorem.
Theorem 2.2.12. If a closed, connected, orientable three-manifold Y has an R-
covered coorientable foliation F , then pi1(Y ) is left-orderable.
Proof. Denote by Y˜ the universal cover of Y , and by F˜ the pull-back of
F via the universal covering projection p : Y˜ → Y .
Since the group Aut(Y˜ ) = pi1(Y ) acts on Y˜ permuting the leaves of F˜ ,
we have an homomorphism ϕ : pi1(Y )→ Homeo(Λ).
Since F is coorientable we can find a one-form α ∈ Γ(T ∗Y ) having as
kernel TF the tangent field of the foliation . From now on suppose that
such a one-form has been fixed (up to scaling α this choice is equivalent
to a choice of an orientation of TF). Pulling-back α via the universal
covering projection, we get a one-form α˜ = p∗α on Y˜ having as kernel
the tangent field of F˜ . Since α˜ stays invariant under the action of pi1(Y )
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on Y˜ , it descends to a never vanishing one-form αΛ on the leaf space
Λ = R. Orient Λ by means of that form.
Notice that the action of pi1(Y ) leaves invariant the one form αΛ and
consequently the orientation that Λ inherits from that form. Therefore,
we can conclude that the homomorphism ϕ : pi1(Y )→ Homeo(Λ) actu-
ally takes values in Homeo+(Λ) = Homeo+(R).
Since any compact domain K of the action of pi1(Y ) on Y˜ descends to a
compact set KΛ ⊂ Λ that intersects all the orbits of the action of pi1(Y ),
we can conclude that the action of pi1(Y ) on the leaf space Λ = R is non
trivial. Thus ϕ gives a surjection of pi1(Y ) onto a left-orderable group (a
non trivial subgroup of Hmeo+(R)) and because of Theorem 2.2.11 we
are done.
In the case of homology spheres the hypothesis of R-coverability in the the-
orem above can be omitted. In fact, in [3] the following theorem is proved.
Theorem 2.2.13 (Boileau & Boyer). If Y is an integer homology sphere admitting
a taut foliation, then pi1(Y ) is left-orderable.
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Knot Floer Homology
In this note we give a description of a certain knot invariant coming from Heegaard-
Floer theory [31] called Knot Floer Homology. The construction associates to a Knot
in S3 a bigraded chain complex whose homotopy type is an invariant of the knot.
The homology of this complex provides a powerful knot invariant in which a lot
of topological information about the knot can be read. The Euler characteristic of
the Knot Floer chain complex (a polynomial) is also a knot invariant, namely its
Alexander polynomial. In this sense we say that the Knot Floer homology is a
categorification of the Alexander polynomial.
A state sum formula for the Alexander polynomial.
We start with an alternative construction of the Alexander polynomial. The con-
struction has a combinatorial flavour and is in the style of Kauffman’s construction
of the Jones polynomial.
Let K be a oriented knot in S3. Suppose that V ⊆ R2 is a oriented planar projection
of K. Notice that combinatorially V is a oriented 4-valent planar graph. A domain
of V is the closure of a connected component of its complement in R2. Let Cr(V )
denote the set of crossings in the projection V and D0(V ) the set of its domains.
Choose a distinguished arc of the projection (in pictures such a arc will be marked
with a X) and denote by D(V ) the set of those domains which are disjoint from the
marked arc.
A Kauffman state of the marked diagram V is a bijection σ : Cr(V ) → D(V ) such
that c ∈ σ(c) for all c ∈ Cr(V ). Denote by St(V ) the set of Kauffman states of V .
Given a Kauffman state σ ∈ St(V ) define
A(σ) =
∑
c∈Cr(V )
aσ(c) B(σ) =
∑
c∈Cr(V )
bσ(c)
where for each c ∈ Cr(V ) the number aσ(c) and bσ(c) are defined according to the
procedures described in figure 2.1 and 2.2 respectively.
0 00 0
00
−1 1
Figure 2.1: Definition of the coefficient aσ(c).
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0 00 0
−1/2
1/2
1/2
−1/2
Figure 2.2: Definition of the coefficient bσ(c).
Define the Alexander polynomial of a oriented knot K in S3 by the formula
∆K(t) =
∑
σ∈St(V )
(−1)B(σ)tA(σ)
where V is a given oriented marked projection of K.
Theorem 2.3.1. ∆K(t) is a well-defined invariant of oriented knots.
Idea of the proof. The proof (as usual for this kind of propositions in knot the-
ory) is an elementary case by case verification that the quantity ∆K(t) stays
unchanged if we modify a given diagram of K by the three Reidemeister
moves.
The Knot Floer complex.
In this section we sketch the construction of the Knot Floer chain complex.
A Heegaard diagram associated to a knot projection. Let K be an oriented knot
in S3. Suppose that V ⊆ R2 is an oriented planar projection of K. Mark a arc
of the projection V as above. We associate to the oriented marked projection V a
Heegaard diagram (Σ, α, β) as follows. Let U ∈ R3 be a tubular neighbourhood of
V . Notice that if V has k crossings then U is a 3-dimensional handlebody of genus
k+1. Define Σ as the boundary of U . Define the α-curves as the intersections of the
compact domains of V with Σ = ∂U . At each crossings the diagram V determines
a β-curve as described in Figure 2.3. In addition, at the distinguished edge we add
one more β-curve as shown in Figure 2.4, where the entire construction in the case
of a marked projection of the trefoil knot is described.
A bidegree on the Heegaard Floer complex. We proceed to the construction of the
Knot Floer chain complex of K modifying the construction of the Heegaard Floer
complex associated to (Σ, α, β). Let g = k+ 1 be the genus of Σ. Consider, as in the
construction of Heegaard Floer homology, the g-fold symmetric product Symg(Σ)
and the pair of g-tori Tα and Tβ inside it. Notice that there is a natural bijection
between the intersection points of Tα ∩ Tβ and the Kauffman states of the marked
diagram V . So to a intersection point x ∈ Tα ∩ Tβ is associated a pair of integers
(A(x), B(x)) ∈ Z2 - the bidegree of x. For each pair (i, j) ∈ Z2 let Ci,j(K) be the
F2-vector space generated by the intersection points of bidegree (i, j). The group
underlying the Knot Floer complex of K associated to the oriented marked projec-
tion V is defined as the bigraded group C∗,∗(K).
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Figure 2.3: The α curves determined by the domains near a crossing and the β
curve determined by the crossing appear in the portion of Σ near the crossing
itself as in this picture.
Figure 2.4: The Heegaard diagram associated to a marked projection of 31.
The Knot Floer differential. Finally we define the Knot Floer differential ∂ : C∗,∗(K)→
C∗,∗−1(K). Fix two base points w and v on the two sides of the β-curve near the dis-
tinguished edge of V . Furthermore fix a generic complex structure on Σ as in the
construction of the Heegaard Floer differential. Now define
∂ : Ci,j(K)→ Ci,j−1(K) i, j ∈ Z
by the formula
∂x =
∑
y∈Tα∩Tβ
A(y)=i
B(y)=j−1
∑
φ∈pi2(x,y)
nv(φ)=0
nw(φ)=0
c(φ) · y x ∈ Tα ∩ Tβ such that
A(x) = i, B(x) = j
where the coefficients c(φ) ∈ F2 are defined as
c(φ) =
{
#M̂(φ) (mod 2) if µ(φ) = 1
0 otherwise
.
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Putting together the work in [31] and [29] we obtain the following theorem.
Theorem 2.3.2. (C∗,∗(K), ∂) is a chain complex, i.e. ∂2 = 0. Furthermore, its homotopy
type (and consequently its homology) depends only on the isotopy class of the knot K.
We define the Knot Floer homology of K as the homology of the bigraded chain
complex (C∗,∗(K), ∂). We set Hi,j(K) = Hj (Ci,∗(K), ∂). Clearly, because of the
theorem above, the group Hi,j(K) is a knot invariant.
Finally the categorification. If (C∗,∗∂) is a bigraded chain complex as above, we
define its Euler characteristic as the polynomial
χ(t) =
∑
i,j∈Z
(−1)j dimHi,j(C) ti =
∑
i∈Z
χ (Hi,∗(C)) ti .
Notice that the Euler characteristic of the Knot Floer homology of a oriented knot
K ⊆ S3 is given by
∑
i∈Z
χ (Hi,∗(K)) ti =
∑
i∈Z
∑
j∈Z
(−1)j dimCi,j(K)
 ti
=
∑
i,j∈Z
(−1)j #
{
x ∈ Tα ∩ Tβ such that
A(x) = i and B(x) = j
}
ti
=
∑
i,j∈Z
∑
x∈Tα∩Tβ
(A(x),B(x))=(i,j)
(−1)j ti
=
∑
x∈Tα∩Tβ
(−1)B(x) tA(x) .
From which the announced fundamental relation
∆K(t) =
∑
i,j∈Z
(−1)j dimHi,j(K) ti.
Basic proprieties of Knot Floer homology.
Knot Floer homology and topology of knots. A very important feature of Knot
Floer Homology is that can it be used in order to detect various topological prop-
erties of knots. We state here two of the main results that go in that direction.
Theorem 2.3.3 (Ozsva´th and Szabo´, [30]). If K ⊂ S3 is a knot in the three-sphere, then
is three-dimensional genus
g(K) = min
{
g(Σ) with Σ ⊂ S3 orientable surface bounding K}
is expressed in terms of knot Floer homology by the formula
g(K) = max {i ∈ Z such that Hi,j(K) 6= 0 for some j} .
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Recall that a knot is fibered if its complement can be expressed as a mapping torus
on a (one boundary component) surface.
Theorem 2.3.4. A knot K ⊂ S3 is fibered if and only if Hg(K),j = F2 for some j and zero
for all the others j’s.
The “only if” part of the theorem was first proved by Ozsva´th and Szabo´ [34]. Ghig-
gini proved the “if” part for genus one knots [9], and Ni proved it in general [27].
Finally an example. The standard projection of the treifoil knot K = 31 has three
Kauffman states, see figure 2.5. We denote byR, B andG respectively the red state,
the blue state and the green state in the pictorial description of that figure.
Figure 2.5: The Kauffman states of the standard marked projection of 31.
Now a simple computation reveals that:
A(R) = 0, B(R) = −1; A(B) = 1, B(B) = 0; A(G) = 2, B(G) = 1.
Consequently we have that Ci,j(K) = F2 if (i, j) = (0,−1), (1, 0) or (2, 1) and is
zero otherwise. Since for each fixed i ∈ Z there is at most one Ci,j(K) 6= 0, there is
no differential, and we can conclude that Hi,j(K) = F2 if (i, j) = (0,−1), (1, 0) or
(2, 1) and is zero otherwise, according to the fact that ∆K(t) = t− 1− t−1.
Note that the computation above was very simple since there were no differentials.
Another peculiarity of the example above is that the Knot Floer homology is de-
termined by the Alexander polynomial. This a general phenomenon taking place
every time we compute the knot Floer homology of alternating knots, that is knots
having a projection in which we can see the under and the over crossings alternate
while we walk along the knot itself.
Theorem 2.3.5. If K ⊂ S3 is an alternating knot in the three-sphere with Alexander
polynomial given by
∆K(t) =
n∑
i=−n
ait
i ,
then Hij(K) = 0 if j 6= i+ σ(K)2 , and Hi,i+σ(K)
2
' F|ai|2 .
We finally remark that it is possible to give a complete combinatorial description
of the Knot Floer differential as well as of many others objects in the Heegard-
Floer package. This is one of the reasons why Heegaard Floer theory can be so
interesting!
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More about left orderable groups
In this note we collect the most basic algebraic properties of left-orderable groups.
Then by analysing a concrete example (the fundamental group of a certain rational
homology sphere) we discuss a left-orderability criterion due to Conrad.
Operations with left-orderable groups. We now prove some basic result about left
orderable groups, in order to understand how left-orderability fits with the ordi-
nary algebraic operations.
Proposition 2.3.6. Left orderable groups are closed under (non trivial) subgroups and
finite products.
Proof. The first assertion is trivial. For the second one, suppose thatG1, . . . , Gn
is a finite family of left-orderable groups. Fix a left order on each group Gi and
given g = (g1, . . . , gn), h = (h1, . . . , hn) ∈ G1 × · · · × Gn define g ≺ h if either
g = h or for the first index i ∈ {1, . . . , n} such that gi 6= hi the inequality gi ≺ hi
holds.
Let’s see how left-orderability fits with extensions.
Proposition 2.3.7. If there is a short exact sequence
1→ K → G→ H → 1
with K and H both left-orderable then, G is left-orderable too.
Proof. There is an alternative way of specifying a left-order on a group which
consists in providing an exhaustive list of positive and negative elements.
Given a group G, a positive cone in G is a subset P ⊆ G satisfying the fol-
lowing conditions:
- P is non-empty and P · P ⊆ P ,
- G \ {1} decomposes as the disjoint union of P and P−1.
A positive cone P in a group G determines a left-order on G as follows. For
each a, b ∈ G define a ≺ b if either a = b or a−1b ∈ P . Note that if vice versa ≺
is a left order on G then P = {a ∈ G such that 1 ≺ a, a 6= 1} is a positive cone
in G whose associated left-order is ≺ itself.
Now suppose that there is a short exact sequence
1→ K → G→ H → 1
with K and H both left-orderable. Call PK and PH the positive cones associ-
ated to a left-order on K and H respectively. If f : G → H denotes the projec-
tion of the exact sequence, the subset P = PK ∪ f−1(PH) provides a positive
cone in G and hence a left-order on it.
Notice that a quotient of a left orderable group is not necessarily left orderable. For
example Z is left orderable while Z/nZ is not left orderable unless n = 0. On the
other hand, we have the following result.
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Proposition 2.3.8. Suppose that there is a short exact sequence
1→ K → G→ H → 1
of non trivial groups with G left-orderable. Then, H is left orderable if and only if, with
respect to a fixed order on G, for all a, b ∈ K if a < c < b then c ∈ K (in such case we say
that K is a convex subgroup).
Proof. Suppose thatH is left-orderable. We can set up a left-order onGmaking
K convex as follows. Start with a left order onH andG, and denote by PH and
PG be the positive cones associated to such orders on H and G respectively. If
pi : G → H is the projection map of the exact sequence, define a positive cone
P on G setting x ∈ P if either pi(x) ∈ PH or pi(x) = 1 and x ∈ PG.
We claim that, with respect to the (possibly new) order defined by P onG,K is
a convex subgroup. In fact, if x < z < y for some x, y ∈ K, then pi(x−1z) = pi(z)
and pi(z−1y) = pi(z)−1 both lie in PH ∪ {1}. Hence pi(z) = 1 and consequently
z ∈ K.
In the other direction, suppose that G has a left-order < with respect to which
K is a convex subgroup. We now prove that H = G/K is left-orderable.
Denote by P the positive cone associated to <. We claim thatQ = (G \K)∩P
is a union of cosets of K that gives a positive cone in the quotient H = G/K.
First of all we prove that Q is a union of cosets. Suppose that a ∈ Q (i.e. that
a 6∈ K and a > 1) and take k ∈ K. If by contradiction ak 6∈ Q, then either
ak ∈ K or ak < 1. The first occurrence is excluded since a 6∈ K, while the
second because ak < 1 = aa−1 imply that k < a−1 < 1 and consequently (by
convexity) that a−1 ∈ K, contradicting again the fact that a 6∈ K.
To see that Q forms a positive cone in G/K observe that:
- Q ⊂ G/K is a sub semigroup. In fact given aK, bK ∈ Q we have that
(aK)·(bK) = (ab)K ⊂ P and consequently that (aK)·(bK) ∈ Q provided
(ab)K 6= K. However, in the case (ab)K = K we have that aK = b−1K
implying that b is negative, a contradiction.
- H = G/K decompose as disjoint union G/K = Q ∪ {1} ∪ Q−1 since K
(the coset of the identity) is disjoint fromQ∪Q−1, and any coset C (other
than K) either contains only positive elements or else C−1 does,
- Q is non empty sinceK is a proper subgroup ofG, beingG/K non trivial.
So we proved that H has a positive cone and hence a left-order.
Conrad’s characterization of left-orderable groups. Let’s study a concrete example,
in order to understand Conrad’s left-orderability criterion.
Let N = K2×˜I be the only orientable interval bundle over the Klein bottle. A
concrete geometric model of N is described in figure 2.6. From such a model is
clear that N retracts onto K2 and consequently that
pi1(N) =
〈
a, b
∣∣ a2 = b2〉 .
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Figure 2.6: The three-manifold K2×˜I is obtained from the ”tick” cylinder
S1×[−1, 1]×I identifying its basesA0 = S1×[−1, 1]×0 andA1 = S1×[−1, 1]×1
by means of the composition of the symmetry relative to the ”middle” circle
(z, t, 1) 7→ (z,−t, 0), and the symmetry relative to a diameter of the ”outer”
circle (z, t, 1) 7→ (z¯, t, 0). Picture by Anatoly Fomenko.
Clearly the boundary of N is a two-torus. Pondering a little bit the description of
Figure 2.6, one can deduce that a longitude/meridian pair of ∂N is given by the
curves: λ = a2 and µ = ab.
We form a closed oriented three-manifold by gluing along their boundaries two
copies of K2×˜I , denoted by N and N¯ , via the homeomorphism identifying the
longitude λ of ∂N with the meridian µ¯ of ∂N¯ , and the meridian µ of ∂N with the
longitude −λ¯ of ∂N¯ . Using Van Kampen’s theorem we can compute a presentation
of the fundamental group of the resulting manifold Y = N ∪∂ N¯
pi1(Y ) =
〈
a, b, a¯, b¯
∣∣ a2 = b2, a¯2 = b¯2, a2 = a¯ b¯, ab = a¯−2〉 .
We claim that Y is a rational homology sphere and that its fundamental group is
not left-orderable. To see that Y is a rational homology sphere observe that
H1(Y,Z) =
Z{a, b, a¯, b¯}〈
2a− 2b, 2a¯− 2b¯, 2a− a¯− b¯, a+ b+ 2a¯〉
and consequently that
|H1(Y,Z)| =
∣∣∣∣∣∣∣∣ det

2 1 2 0
0 1 −2 0
−1 2 0 2
−1 0 0 −2

∣∣∣∣∣∣∣∣ = 32.
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To see that pi1(Y ) is not left-orderable we shall use the following (obvious) criterion.
Lemma 2.3.9. If G is a left-orderable group, given a1, . . . , an ∈ G with ai 6= 1, we can
find signs i = ±1 so that the sub semigroup generated by a11 , . . . , ann does not contain
the identity. In fact, if G is left-orderable, we can obviously choose the signs i so that
a11 , . . . , a
n
n belong to a given positive cone P ⊂ G.
With this said we prove the following proposition.
Proposition 2.3.10. The group
pi1(Y ) =
〈
a, b, a¯, b¯
∣∣ a2 = b2, a¯2 = b¯2, a2 = a¯ b¯, ab = a¯−2〉
is not left-orderable.
Proof. Exhausting all possible cases by hand, we can easily find that: for each
choice of the signs, the sub semigroup generated by a±1, b±1, a¯±1 and b¯±1 con-
tains the identity (in fact it contains one of the elementary relations).
In [4], Conrad proved that the obstruction to left-orderability given in Lemma 2.3.9
is a complete one.
Conrad’s Left-Orderability Criterion. A group G is left-orderable if and only if for
each subset {a1, . . . , an} ⊂ G \ {1} one can choose signs i = ±1 so that the semigroup
generated by {a11 , . . . , ann } does not contain the identity.
Proof of Boyer-Rolfsen-Wiest theorem
In this section we give a proof of the Boyer-Rolfsen-Wiest theorem, mentioned in
Section 2.2 of the main text. The first step of the proof is the following criterion,
that is an application of Conrad’s Criterion.
Burns-Hale Criterion. A non trivial group G is left-orderable if and only if every non-
trivial finitely generated subgroup of G has a left-orderable quotient.
Proof. Clearly if G is left-orderable then each non-trivial finitely subgroup of
G surjects onto a left-orderable group, namely itself. In the other direction the
proof is by contradiction.
Suppose by contradiction that every non-trivial finitely generated subgroup
of G has a left-orderable quotient, but that G itself is not left-orderable. By
Conrad’s Criterion we can find {a1, . . . , an} so that for every choice of signs
i = ±1 the semigroup generated by {a11 , . . . , ann } ⊂ G \ {1} contains the
identity. Choose the smallest possible set {a1, . . . , an} with this property and
consider the subgroup H ⊂ G generated by those elements.
Since every non-trivial finitely generated subgroup of G has a left-orderable
quotient, we can find a subgroup K ⊂ H such that the quotient H/K is left-
orderable. Notice that: since the quotient H/K is non-trivial (left-orderable
groups are non trivial by definition!), at least one of the ai’s is not in K. Fur-
thermore, applying the Conrad’s Criterion to H/K, we can conclude that at
least one of the ai’s is in K.
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Up to reordering the ai’s if necessary, we have
a1, . . . , ar 6∈ K and ar+1, . . . , an ∈ K
for a certain 0 < r < n. Now, since H/K is left-orderable we can choose signs
i = ±1 so that the semigroup generated by {a11 , . . . , arr } in H/K does not
contain the identity. Furthermore, by minimality of the set {a1, . . . , an}, we can
also choose signs i = ±1 so that the semigroup generated by {ar+1r+1 , . . . , ann }
in G does not contain the identity.
On the other hand, because of the assumption on the set {a1, . . . , an}, the semi-
group generated by {a11 , . . . , ann } contains the identity. This mean that we can
express the identity as a word w in the set {a11 , . . . , ann }. Since the semigroup
generated by {ar+1r+1 , . . . , ann } does not contain the identity, in the word w at
least one of the aii with i ≤ r must appear. Consequently, reducing w mod-
ulo K, we obtain a non-trivial word in H/K that expresses the identity as a
non-trivial word in {a11 , . . . , arr }, a contradiction!
We are now ready to prove the Boyer-Rolfsen-Wiest theorem.
Theorem 2.2.11 (Boyer, Rolfsen & Wiest). Let M be a compact, connected, orientable,
irreducible three-manifold. Then pi1(M) is left orderable if and only if it has a quotient that
is a left-orderable group.
Proof. One direction is immediate: if pi1(M) is left-orderable then its quotient
for the trivial subgroup is left-orderable.
For the other direction, suppose that pi1(M) surjects onto a left-orderable group
G. By the Burns-Hale Criterion it suffice to prove that every finitely generated
subgroup of pi1(M) surjects onto a left-orderable group. Let H be such a sub-
group. We shall distinguish two cases according to whether H has finite or
infinite index.
If H has finite index in pi1(M) then its image under the projection onto G has
finite index as well. Since G is infinite (being left-orderable) the surjection
pi1(M)→ G restrict to a surjection of H onto a non trivial subgroup of G. Thus
H surjects onto a left-orderable group and we are done.
If H has infinite index consider the infinite-index covering associated to H , i.e.
the unique connected covering space p : M˜ → M such that p∗(pi1(M)) = H .
Clearly M˜ is non-compact, but because of the Compact Core Theorem (see [43])
there exists a compact, connected submanifold Mc ⊂ M˜ with the property that
i∗ (pi1(Mc)) = pi1(M˜), where i : Mc ↪−→ M˜ is the inclusion. Notice that ∂Mc 6= ∅,
otherwiseMc = M˜ , which is impossible sinceMc is compact whereas M˜ is not.
Without lost of generality we can assume that Mc has no boundary compo-
nents with positive Euler characteristic. Suppose otherwise that there is a two-
sphere boundary component S ⊂ ∂Mc. Since M is irreducible also M˜ is irre-
ducible as well (see [13], theorem 3.15). Thus S bounds a three-ball B ⊂ M˜ .
We claim that Mc ∩ B = S and consequently that the boundary component S
can been capped by the three-ball B without compromising the isomorphism
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i∗. In fact, if by contradiction Mc ⊂ B ⊂ M˜ then i∗ factors trough the homo-
morphism induced by the inclusion B ↪−→ M˜ and therefore it is zero. This is a
contradiction because pi1(M˜) ' H is non trivial.
We claim that Mc has positive first Betti number. In fact, since each boundary
component of Mc has negative Euler characteristic we have that
0 ≥ 1
2
χ(∂Mc) = χ(Mc) = 1− b1(Mc) + b2(Mc)
where the first equality is because
0 = χ(Double of Mc) = 2χ(Mc)− χ(∂Mc)
while the second appeals to the fact that H3(Mc,Z) = 0 because Mc has non
empty boundary. Consequently we have that
b1(Mc) ≥ b2(Mc) + 1 ≥ 1.
Now a surjection of H ' pi1(M˜) ' pi1(Mc) onto a left-orderable group is given
by the composition
pi1(Mc) −→ H1(Mc,Z) = Zb1 ⊕ Torsion −→ Zb1
where the first map is the abelianization, while the second one is the projection
onto the first factor.
Let’s see some corollaries of the Boyer-Rolfsen-Wiest theorem.
Theorem 2.3.11. If Y is a closed, irreducible, orientable three-manifold withH1(Y,Q) 6= 0
then pi1(Y ) is left-orderable. In other words if Y is not a rational homology sphere then its
foundamental group is left-orderable.
Proof. If H1(Y,Q) 6= 0 then b1 > 0 and a surjection of pi1(M) on a left orderable
group is given by the composition
pi1(M) −→ H1(M,Z) = Zb1 ⊕ Torsion −→ Zb1
where the first map is the abelianization, while the second one is the projection
on the first factor.
If K ⊂ Y is a knot in a three-manifold, we denote by pi1(K) the knot group of K,
defined as fundamental group of its complement M = Y \ N˚(K).
Theorem 2.3.12 (Howie & Short). For each knot K ⊂ S3, the knot group pi1(K) is a
left-orderable group.
Proof. The first homology group of the complement of knot K ⊂ S3 is infinite
cyclic generated by a meridian of K. A surjection of pi1(K) on a left-orderable
group is given by the abelianization map
pi1(K) = pi1
(
S3 \ N˚(K)
)
−→ H1
(
S3 \ N˚(K),Z
)
= Z.
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Corollary 2.3.13. If Σ 6= D2, S2 is a compact, connected, orientable surface, then pi1(Σ)
is left-orderable.
Proof. Consider the orientable three-manifold M = Σ × S1. Since H1(M,Q)
is isomorphic to H1(Σ,Q) ⊕ Q 6= 0, the group pi1(M) = pi1(Σ) × pi1(S1) is
left-orderable. Thus pi1(Σ) is left-orderable, being a non trivial subgroup of a
left-orderable group.
Part II
Constructing Taut Foliations and
Left-Orders

CHAPTER 3
SOMETHING KNOWN ABOUT THE
L-SPACE CONJECTURE
We now move into the heart of our exposition. Motivated by the L-Space
Conjecture, we turn our attention to concrete examples of rational homol-
ogy three-spheres, and in each case we try to understand the possible an-
swers to our motivating questions.
The material of this chapter is organized as follows: in the first section we
discuss the L-space conjecture in the case of Dehn surgeries along knots in
S3 (where the conjecture is still open). In section two and three, we describe
the proof of the Total L-space Conjecture for Seifert fibered manifolds, and
for branched double covers of alternating knots, respectively. In the notes at
the end of the chapter we fill various details of the proofs given in the main
text.
3.1 Dehn Surgeries along Knots
The most basic examples of rational homology three-spheres can be ob-
tained by doing Dehn surgery on knots in S3.
Proposition 3.1.1. If K ⊂ S3 is a knot, then H1(S3p/q(K),Z) = Z/pZ. Con-
sequently, the closed three-manifold S3r (K) is a rational homology sphere unless
r = 0.
Proof. Decompose Y = S3p/q(K) as the union of the surgery solid torus
T and the closure of its complement Y r T = S3 r N˚(K). The Mayer-
Vietoris exact sequence relative to that decomposition gives an exact
sequence
. . . −→ H1(∂T ) i∗−j∗−−−→ H1
(
Y r T
)⊕H1(T ) −→ H1(Y ) −→ 0
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where i : ∂T ↪→ Y r T and j : ∂T ↪→ T denote the inclusions.
From that exact sequence, we can conclude that H1(Y ) is isomorphic to
the cokernel of the map
i∗ − j∗ : H1(∂T )→ H1
(
Y r T
)⊕H1(T ).
Thus, in order to obtain a presentation matrix of H1(Y ), we only have
to express i∗ − j∗ in coordinates.
Choose a compressing disk D ⊂ T of the surgery torus T , and a curve
K ′ ⊂ ∂T homologous to its core curve. Notice that, through the natu-
ral identification of Y r T with S3 r N˚(K), the boundary of the com-
pressing disk D corresponds to the curve pµ+ qλ, where λ denotes the
standard longitude of K.
Since
i∗ − j∗(∂D) = pµ+ qλ− ∂D = pµ
i∗ − j∗(K ′) = mµ−K ′ for some m ∈ Z,
we can represent i∗ − j∗ with the matrix[
p m
0 −1
]
.
Of course, here we are using {∂D,K ′} as basis of H1(∂T ) and {µ,K ′}
as basis of H1
(
Y r T
) ⊕ H1(T ). Thus we can conclude that H1(Y ) is
presented by the matrix [
p 0
0 1
]
∼
[
p m
0 −1
]
and consequently that H1(Y,Z) ' Z/pZ⊕Z/1Z = Z/pZ as claimed.
Motivated by the L-Space Conjecture, we have the following questions.
Question. Given a knot K ⊂ S3, for which r ∈ Q does S3r (K) have a taut
foliation? For which r ∈ Q is it an L-space? For which r ∈ Q is its fundamental
group left-orderable?
Given a knot K ⊂ S3, we define the set L(K) of L-space slopes as the set of
slopes r ∈ Q such that S3r (K) is an L-space. Analogously, we define the set
T (K) of taut foliations slopes as the set of slopes r ∈ Q such that S3r (K) has
a taut foliation. Finally, we define the set O(K) of left-orderable slopes as
the set of slopes r ∈ Q such that pi1(S3r (K)) is left-orderable.
In the remaining part of this section we describe the general behaviour of
the set L(K) of L-space slopes and we survey various known results about
the set T (K) of taut foliations slopes. We remark that, at the moment of
writing (July 2015), there is very little information about the general feature
of the set O(K) of left-orderable slopes.
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An L-space is forever. The knots K ⊂ S3 such that L(K) 6= ∅ are called L-
space knots. If K ⊂ S3 is an L-space knot, the set L(K) has a very simple
structure. In fact, we have the following theorem.
Theorem 3.1.2. Suppose that K ⊂ S3 is an L-space knot. If S3r (K) is an L-space
for some positive (resp. negative) r. Then, so is S3s (K) for all s > r (resp. s < r).
Scrivendo mi sono accorto
che la mia prova ha un er-
rore, ne parliamo alla con-
segna?
Proof. The proof is organized in various steps. The first step is nothing
but a discrete version of the theorem, while the second one enables us
to pass from the discrete version to the continuous one.
Step one: given a knot K ⊂ S3, if S3r (K) is an L-space for some positive
r then S3r+1(K) is an L-space.
Denote by K ′ the image of a meridian of K in the surgered manifold
Y = S3r (K). Using a little bit of Kirby calculus, in Figure [+] and [+] we
show that
- Y−1(K ′) is diffeomorphic to S3r+1(K),
- Y0(K ′) is a lens space and in particular an Heegaard Floer L-space.
Consequently, since Y, Y0(K ′) and Y−1(K ′) fit in a Heegaard Floer skein
triple and
|H1(Y−1(K ′))| = |H1(Y )|+ |H1(Y0(K ′))|
we can conclude that Y−1(K ′) = S3r+1(K) is an L-space provided that
S3r (K) is an L-space.
Step two: Given a knot K ⊂ S3, if S3r (K) and S3r+1(K) are L-spaces for
some positive r then S3s (K) is an L-space for all r ≤ s ≤ r + 1.
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L-space knots and Knot Floer homology. In [35] Ozsva´th and Szabo´ proved
that there are strong restrictions on the Knot Floer homology of an L-space
knot. In fact, they proved the following theorem.
Theorem 3.1.3 (Ozsva´th & Szabo´ ). If K ⊂ S3 admits an L-space surgery then,
for all i ∈ Z, we have that either Hi,∗(K) = 0 or Hi,∗(K) ' F2.
As a consequence of this theorem we have the following two corollaries.
Corollary 3.1.4. If K ⊂ S3 is an L-space knot then K is a fibered knot.
Proof. The genus of K is given by
g(K) = max {i ∈ Z such that Hi,j(K) 6= 0 for some j} .
Thus, because of Ozsva´th-Szabo´’s theorem, we can conclude that
Hg(K),∗(K) ' F2.
At this point the statement follows directly from Theorem 2.3.4 telling
us that fibered knots are characterized in terms of Knot Floer homology
precisely by that condition.
Theorem 3.1.5 (L-Space Knot Criterion). If K is an L-space knot then all the
coefficients of the Alexander polynomial of K are ±1. Consequently, if K is an
L-space knot, then the inequality det(K) ≤ 2g(K) + 1 holds.
Proof. Since
∆K(t) =
∑
i,j∈Z
(−1)j dimHi,j(K) ti
the i-th non zero coefficient of the Alexander polynomial ai can be ex-
pressed by the formula
ai =
∑
j∈Z
(−1)j dimHi,j(K) .
Thus, because of Ozsva´th-Szabo´’s theorem, if K is an L-space knot we
have that ai = ±1. For the last assertion observe that: if the coefficients
of the Alexander polynomial are all ±1, then
det(K) = |∆K(−1)| =
∣∣∣∣∣
m∑
i=−m
ai (−1)i
∣∣∣∣∣ ≤ 2 · deg∆K + 1 ≤ 2g(K) + 1 .
Since L-space knots are necessarily fibered, in the case of manifolds obtained
by Dehn surgery along knots, the L-space conjecture naturally splits in two
parts: the fibered and the non-fibered case. The result expected in the non-
fibered case is the following conjecture.
Conjecture. If K ⊂ S3 is a non-fibered knot, then for all r ∈ Q the surgered
manifold S3r (K) contains a taut foliation and has left-orderable fundamental group.
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The set of taut foliations slopes. The study of the set of taut foliation slopes
has a long history dating back to before the introduction of Heegaard Floer
homology groups. One of the first interesting results about that topic is the
following theorem proved by Roberts in [39].
Theorem 3.1.6 (Roberts, 2000). Let Y be a closed, oriented three-manifold, and
K ⊂ Y a non-trivial knot. Denote by µ a meridian of K and by λ a choice of one of
its longitudes. If K is fibered then there is a neighbourhood of zero J ⊂ R such that
for all slopes p/q ∈ J ∩Q the three-manifold Ypµ+qλ(K) has a taut foliation.
Proof. A complete proof of this theorem, together with the proof of a
recent generalization of this statement in the case of fibered links, will
be given in the next chapter.
Recently in [20] Li and Roberts proved that the same statement hold for all
knots in the standard three-sphere S3.
Theorem 3.1.7 (Li & Roberts, 2012). For any knot K ⊂ S3, there exists an open
interval containing zero J ⊂ R such that for all slopes p/q ∈ J ∩ Q the three
manifold S3p/q(K) has a taut foliation.
Those two theorems together give good qualitative information about the
set of taut foliations slopes, but what about quantitative information? That
is: given a knot K ⊂ S3, we know that there exist an open interval J such
that J ∩ Q ⊂ T (K). Can we estimate the amplitude of a maximal interval
with that property?
Going in that direction in [40] Roberts proved the following theorem.
Theorem 3.1.8 (Roberts, 2001). If K ⊂ S3 is a hyperbolic, fibered knot. Then,
either (−∞, 1) ∩Q ⊂ T (K) or (−1,+∞) ∩Q ⊂ T (K).
In [26] a similar result in the case of torus knots is proved.
Theorem 3.1.9 (Nakaea, 2007). If K(r, s) ⊂ S3 is an (r, s)-torus knot, where
r and s are relatively prime integers and |r| > s > 0. Then, (−∞, 1) ∩ Q ⊂
T (K(r, s)) when r > 0, and (−1,+∞) ∩Q ⊂ T (K(r, s)) when r < 0.
Something about left orderable slopes. As an application of Li-Roberts the-
orem (Theorem 3.1.7) we can prove the following.
Theorem 3.1.10 (Li, Roberts, Boileau & Boyer). Let K be a non-trivial knot in
S3. Then, there exists N > 0 such that for all |n| > N the group pi1(S31/n(K)) is
left-orderable.
Proof. Because of Li-Roberts’ theorem, for |r| small enough S3r (K) has
a taut foliation. Since for all n ∈ Z the homology group H1(S31/n(K),Z)
vanish, as a consequence of Boileau-Boyer’s theorem (Theorem 2.2.13),
the group pi1(S31/n(K)) is left-orderable for |n| large enough.
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3.2 Seifert Fibered Manifolds
Seiferd fibered manifolds are always a good source of examples. In this
section we discuss the L-Space Conjecture for this class of three-manifolds.
For foundational material about Seifert manifolds we mainly refer to [6].
Seifert fibered rational homology spheres. Interesting examples of rational
homology three-spheres can be found in the class of Seifert fibered mani-
folds.
Proposition 3.2.1. A Seifert fibered manifold Y =
(
Σ; p1
q1
, . . . , pn
qn
)
is a rational
homology sphere if and only if either Σ = RP2 or Σ = S2 and the Euler number
e =
∑n
i=1
qi
pi
is non-zero.
Proof. We first compute the fundamental group of Y . We start with the
case when Σ is a genus g orientable surface.
By definition, Y is constructed from the unique circle bundle on the
surface
Σ′ = Σr n disjoint disks
(namely the three-manifold Σ′ × S1) by doing Dehn filling on the vari-
ous torus boundary components. Therefore, the fundamental group of
Y is the quotient of pi1(Σ′ × S1) modulo the normal closure of the sub-
group H ⊂ pi1(Σ′ × S1) generated by the curves of slopes pi/qi killed
during the Dehn filling procedure (this is just an application Van Kam-
pen’s theorem). Thus in order to obtain a presentation pi1(Y ) we only
have to take a presentation of pi1(Σ′×S1) and to add the relations killing
the filling curves.
A presentation of pi1(Σ′) is given by
〈a1, b1, . . . ag, bg, c1, . . . cm | [a1, b1] . . . [ag, bg] = c1 . . . cm〉
where c1 . . . cm are the homotopy classes of the boundary components.
In order to obtain a presentation of pi1(Σ′ × S1) = pi1(Σ′) × Z we add
to that presentation one extra generator γ commuting with all the other
generators〈
a1, b1, . . . ag, bg, c1, . . . cm, γ
∣∣∣∣∣ [a1, b1] . . . [ag, bg] = c1 . . . cm,[γ, ai] = [γ, bi] = [γ, ci] = 1
〉
In that presentation γ represents the homotopy class of a fiber of the
trivial S1 fibration Σ′ × S1. Finally we add the relations
cpii · γqi = 1 i = 1, . . . ,m
coming from the Dehn filling operations, and we obtain a presentation
of pi1(Y ).
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By abelianazing the obtained presentation of pi1(Y ) we find that
H1(Y,Z) =
Z{a1, b1, . . . ag, bg, c1, . . . cm, γ}
〈c1 + · · ·+ cm, pici + qiγ i = 1, . . . ,m〉
= Z2g ⊕ Z{c1, . . . cm, γ}〈c1 + · · ·+ cm, pici + qiγ i = 1, . . . ,m〉 .
and we can conclude that H1(Y,Z) = Z2g ⊕ A where A is the abelian
group presented by the matrix
M =

1 p1
... . . .
1 pm
0 q1 . . . qm
 .
Since
detM = p1 . . . pm · det

1 1
... . . .
1 1
0 q1
p1
. . . qm
pm

= p1 . . . pm · det

0 1
... . . .
0 1
−∑i qipi q1p1 . . . qmpm

= p1 . . . pm · (−1)m+1
(
−
∑
i
qi
pi
)
,
we have that
| detM | = p1 . . . pm ·
n∑
i=1
qi
pi
.
Thus we can conclude that:
|H1(Y,Z)| < +∞ ⇐⇒ g = 0 and
n∑
i=1
qi
pi
6= 0 .
Similarly, in the case when Σ is a non-orientable surface, a presentation
of the fundamental group of Y is given by〈
a1, . . . ag, c1, . . . cm, γ
∣∣∣∣∣ a21 . . . a2g · c1 . . . cm = 1, c
pi
i · γqi = 1
[γ, ci] = 1, aiγa
−1
i = γ
−1
〉
where g denotes the non-orientable genus of Σ.
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By abelianazing that presentation of pi1(Y ) we find that
H1(Y,Z) =
Z{a1, . . . ag, c1, . . . cm, γ}
〈2(a1 + · · ·+ ag) + (c1 + · · ·+ cm), 2γ, pici + qiγ〉
⇒ H1(Y,Q) = Z{a1, . . . ag, c1, . . . cm, γ}〈2(a1 + · · ·+ ag) + (c1 + · · ·+ cm), pici + qiγ, 2γ〉 ⊗Q
=
Q{a1, . . . ag, c1, . . . cm, γ}
〈2(a1 + · · ·+ ag) + (c1 + · · ·+ cm), pici + qiγ, 2γ〉
=
Q{a1, . . . ag, c1, . . . cm}
〈2(a1 + · · ·+ ag) + (c1 + · · ·+ cm), c1, . . . , cm〉
=
Q{a1, . . . ag}
〈a1 + · · ·+ ag〉 .
Thus we can conclude that H1(Y,Q) ' Qg−1, and consequently that
H1(Y,Q) = 0 if and only if g = 1, i.e. Σ = RP2.
The L-space conjecture for Seifert fibered manifolds. We now sketch the
proof of the Total L-Space Conjecture in the class of Seifert fibered mani-
folds. Almost all the missing details of the proof will be filled in the notes
at the end of the chapter.
Theorem 3.2.2 (Boyer, Rolfsen & Wiest). The Total L-space Conjecture holds in
the class of closed, connected, orientable Seifert fibered spaces.
Sketch of proof. Since an orientable Seifert fibered rational homology sphere
Y fibers either over S2 orRP2, the proof [42] naturally splits in two parts
- if Y fibers over the surface S2, then pi1(Y ) is left-orderable if and
only if Y admits a coorientable taut foliation,
- if Y fibers over the surface RP2, then pi1(Y ) is not left-orderable.
In the first case, the proof can be concluded by using the work of Lisca
and Stipsicz. In fact, in [23] they gave a complete characterization of
Seifert fibered non L-spaces in therms of existence of coorientable taut
foliations.
In the second case, a calculation using the Heegard Floer surgery exact
sequence [41] reveals that a Seifert fibered rational homology sphere
fibering over RP2 is always an L-space.
The complete details of the proof are given in the notes at the end of
this chapter.
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Taut foliations on Seifert fibered manifolds. Of course there is a complete
characterizations of Seifert fibered rational homology spheres having taut
foliations. The following theorem is the result of the combined work of
various authors [5] [14] [25].
Theorem 3.2.3. Let
Y =
(
S2;
1
b
,
α1
β1
, . . . ,
αn
βn
)
be an orientable Seifert fibered manifold fibering over S2. Suppose that n ≥ 3, b ∈ Z
and that αj, βj are integers such that 0 < βj < αj . Then, Y admits a taut foliation
if and only if one of the following conditions holds:
- 2− n ≤ b ≤ −2,
- b = −1 and there are relatively prime integers 0 < a < m such that for some
permutation (a1, . . . , an) of(
a
m
,
m− a
m
,
1
m
, . . . ,
1
m
)
we have that βj/αj < aj for each j,
- b = 1 − n and after replacing each βj/αj by (αj − βj)/αj , the condition in the
case b = −1 holds.
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3.3 Double Branched Covers
We now introduce a new family of three-manifolds among which new ex-
amples of L-spaces will be found. In the playground of this family of three-
manifolds we will find new experimental evidence for the L-space Conjec-
ture [41].
The construction. Let L = L1 ∪ · · · ∪ Ln ⊂ S3 be a link with n = |L| compo-
nents. Denote byN(L) a tubular neighbourhood of L and byX = S3rN˚(L)
its complement. By constructionX is a compact, connected orientable three-
manifold with |L| torus boundary components. Its first homology group
H1(X,Z) is isomorphic to Z|L| generated by the homology classes of the
meridians µ1 . . . µn of the various components of L.
Let H ⊂ pi1(X) be the kernel of the composition
φ : pi1(X)→ H1(X) = Z|L| → Z/2Z
where the first map is just the abelianization homomorphism, while the sec-
ond one is the projection
∑
i ai · [µi] 7→
∑
i ai (mod 2). Notice that, since the
homology class of any simple closed curve C ⊂ X can be written uniquely
as C =
∑n
i=1 lk(C,Li) · µi, the homomorphism φ evaluates on the homotopy
class of a simple closed curve γ ∈ pi1(X) according to the formula
φ(γ) =
n∑
i=1
lk(γ, Li) (mod 2) .
Since H is an index-two normal subgroup of pi1(X), it has an associated
double-sheet covering XH → X . By construction, the covering space XH is
characterized by the property that a closed loop γ in X lifts to a closed loop
γ˜ in XH if and only if lk(γ, L) =
∑
i lk(γ, Li) is even.
The covering space Σ̂L := XH , depending only on the isotopy class of the
link L ⊂ S3, can be constructed explicitly as follows.
Take a random Seifert surface F ⊂ S3 of L. Let N(F ) = F × [0, 1] be a
tubular neighbourhood of F in S3, and Y = S3 r N˚(F ) its complement in
the three-sphere. By construction Y is a compact, connected, oriented three-
manifold with a unique genus g = 2g(F ) + |L| − 1 boundary component ( it
is the complement of a three dimensional handlebody ⊂ S3). Its boundary
naturally decomposes into the union of three regions: the part of ∂N(F )
corresponding ∂F × [0, 1], a collection S ⊂ ∂Y of |L| annuli; a positive face
R+ ⊂ ∂Y , corresponding to the region F × 1; and a negative face R− ⊂ ∂Y ,
corresponding to F ×−1.
Define Σ̂L as the quotient of Y × Z/2Z modulo the relation identifying a
point (p, i) in R+ × {i} = F × {i} with the corresponding point (p, i + 1) in
R− × {i+ 1} = F × {i+ 1}. See Figure 3.1 for a pictorial description.
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(a) A ”transverse
section” of the re-
gion near the bound-
ary of the Seifert
surface.
(b) Step One: cut along
the Seifert surface.
(c) Step Two: glue two
copies of Y = S3rN˚(F )
according to the scheme
of this figure.
(d) Step Four: fill
the boundary com-
ponent killing the
lifts of the merid-
ional curves.
Figure 3.1: A descriptive picture summarizing the construction of the double
cover of S3 branching over a link L ⊂ S3.
There is a natural order-two selfdiffeomorphism t : Σ̂L → Σ̂L interchanging
Y × 0 with Y × 1, namely the one defined by the formula t(p, i) = (p, i+ 1).
By construction the quotient of Σ̂L under the action of t gives exactly the
complement ofL. Since t acts without fixed points, the projection map Σ̂L →
Σ̂L/ 〈t, Id〉 gives a covering space projection of Σ̂L over X .
It is not hard to show that Σ̂L → X is exactly the coveringXH corresponding
to the index-two subgroup H ⊂ pi1(X) defined at the beginning. In fact, a
closed loop γ : [0, 1] → X lifts to a closed loop in Σ̂L if and only if its lift γ˜
intersects the surface R+ × 0 as many times as the surface R+ × 1, and this
condition is equivalent to lk(γ, L) = # (γ ∩ F ) = 0 (mod 2) characterizing
the covering XH → X .
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Of course, Σ̂L is a three-manifold with |L| torus boundary components. In
order to obtain a closed three-manifold, we do Dehn filling along the curves
µ˜1 . . . µ˜n obtained by lifting to Σ̂L the meridians µ1 . . . µn of the various com-
ponents of L. The resulting closed three-manifold ΣL is by definition the
branched double cover associated to L.
There are various combinatorial descriptions of branching double covers of links in
terms of their diagrams. For example, in [10] Greene gives various descriptions of
these manifolds in terms of Heegaard diagrams.
Rational homology spheres arising as double branched covers. There are
many rational homology spheres arising as double branched covers of links.
Proposition 3.3.1. The double branched cover ΣL of a link L ⊂ S3 is a rational
homology sphere if and only if det(L) 6= 0. Furthermore, if det(L) 6= 0 we have
that
|H1(ΣL,Z)| = det(L) .
Proof. If θ is a Seifert matrix associated to a Seifert surface of L then
θ + θt gives a presentation matrix for H1(ΣL,Z). For a proof of this fact
see for example [16] Theorem 12.2 or [22] Theorem 9.1 (for a purely
three-dimensional proof).
As a consequence of the proposition above we have the following corollary.
Corollary 3.3.2. The double branched cover of a knot K ⊂ S3 is a rational homol-
ogy three-sphere.
Proof. We prove that the determinat of a knot K ⊂ S3 is always an odd
number. The defect of symmetry of the Seifert form θ associated to a
Seifert surface F of K is regulated by the intersection for of F . Namely,
given two oriented simple closed curves a and b contained in F we have
that
θ(a, b) = θ(b, a) + a · b .
Thus in any symplectic basis of H1(F,Z) we have that
θ − θt =

0 −1
1 0
0 −1
1 0
 .
As consequence we have that det(θ− θt) = 1, and we can conclude that
det(K) = det(θ + θt) = det(θ − θt) = 1 (mod 2) as claimed.
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Figure 3.2: The links L,L0 and L1 fit in a Conway skein triple if there is a
diagram of L having a crossing near which the modification suggested in this
picture yields a diagram of L0 and L1.
L-spaces arising as double branched covers of links. In [36] Ozsva´th & Szabo´
introduced a family of links called quasi-alternating whose double branched
covers are L-spaces. It was the first known class of L-spaces in which hyper-
bolic examples were found.
A link L ⊂ S3 is quasi-alternating if it belongs to the smallest set of links Q
satisfying the following two properties
i) the unknot is in Q
ii) if L,L0 and L1 fit in a Conway skein triple (Figure 3.2) such that
det(L) = det(L0) + det(L1),
then L ∈ Q provided that L0, L1 ∈ Q.
Recall that an alternating link is a linkL ⊂ S3 having a connected projection
in which the crossings alternate ”under, over, under, over, . . . ” as one travels
along each component of the link. In [36] Lemma 3.2, the authors prove that
alternating links are in fact quasi-alternating.
Notice that the double branched cover of a quasi-alternating link is always a
rational homology sphere. In fact the classQ′ = {L ⊂ S3 such that det(L) ≥
1} obviously satisfies both i) and ii), and as consequence of the minimality
condition Q′ contains the class Q of quasi-alternating links.
As announced at the beginning of the section, double branched covers of
alternating links are L-spaces. We now prove this theorem due to Ozsva´th
and Szabo´ [36].
Theorem 3.3.3 (Ozsva´th & Szabo´). If L ⊂ S3 is a quasi-alternating link then its
double branched cover ΣL is an L-space.
Proof. We only have to prove that the class
Q′ = {L ⊂ S3 such that ΣL is an L-space}
has the following two properties: i) the unknot is in Q′; ii) if L,L0 and
L1 fit in a Conway skein triple such that det(L) = det(L0)+det(L1) then
L ∈ Q′ provided that L0, L1 ∈ Q′.
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Property i) is obviously satisfied since the double branched cover of
the unknot is S3. In order to prove ii) we prove that if L,L0 and L1
fit in a Conway skein triple such that det(L) = det(L0) + det(L1) then
ΣL,ΣL0 and ΣL1 fit in a Heegaard-Floer skein triple. Then because of
the L-Space Skein Criterion we are done.
Suppose thatL,L0 andL1 fit in a Conway skein triple such that det(L) =
det(L0) + det(L1). Fix a two-sphere S ⊂ S3 meeting L in four points
and bounding a three-ball B which contain two arcs of L, and in whose
complement L,L0 and L1 agree.
Denote by M the branched double cover of S3 r B˚ branching over Lr
(L ∩ B)). Observe that ΣL,ΣL0 and ΣL1 are all obtained from M by
filling its torus boundary component (the double branched cover of S
branching over S ∩ L) by means of a solid torus (the double branched
cover of B branching over two arcs).
Denote by γ, γ0 and γ1 a collection of curves contained in ∂M such that
ΣL = M
fill(γ) , ΣL0 = M
fill(γ0) , ΣL1 = M
fill(γ1) .
A careful check reveals that γ, γ0 and γ1 satisfy the relations
#(γ ∩ γ0) = #(γ0 ∩ γ1) = #(γ1 ∩ γ) = −1
and consequently that the closed three-manifolds ΣL,ΣL0 and ΣL1 fit in
a Heegaard-Floer skein triple.
As an easy consequence of this theorem we have the following corollary.
Corollary 3.3.4. If L ⊂ S3 is a quasi-alternating link then its double branched
cover ΣL does not contain any taut foliation.
The L-space Conjecture for alternating links. In agreement with the Total
L-space Conjecture, we have the following theorem [41] [11].
Theorem 3.3.5 (Boyer, Gordon & Watson, Greene). If L ⊂ S3 is an alternating
link then pi1(ΣL) is not left-orderable.
Proof. We follow the proof in [11].
In [10] section 3.1, Greene gives a combinatorial description of double
branched covers of links in S3 in terms of their diagrams. Namely he
describes an algorithm taking as input a diagram of a link L ⊂ S3 and
giving as output a Heegaard diagram of its double branched cover ΣL.
We now describe the presentation of the fundamental group of ΣL com-
ing from that Heegard diagram.
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Figure 3.3
Let L ⊂ S3 be a link presented by a connected diagram. Colour the
complementary regions of the diagram (combinatorially a 4-valent pla-
nar graph) by black and white in chessboard fashion so that the un-
bounded region is coloured by white. From this colouring we can form
a planar graph W (the white graph of the diagram) by declaring as ver-
tices the white regions and connecting two vertices if their correspond-
ing regions meet in a corner.
Notice that the corners of the complementary regions of the diagram
corresponds to the crossings of the diagram itself. Thus labelling the
crossings of the diagram with a sign according to Figure 3.3, we get a
sign on each edge of W . Furthermore, notice that the graph W has a
natural root : the vertex r corresponding to the unbounded region.
Starting from the graph W we can form a group ΓW as follows. For
each vertex v of W pick a generator xv and a relation rv = 1. In order to
describe the relation rv = 1 we pick a little circle γv centred at v and con-
tained in its region. Travelling along γv in the counter-clockwise direc-
tion we meet a sequence of edges (v, w1) . . . (v, wn) with signs 1 . . . n.
Define
rv = (x
−1
w1
xv)
1 · · · · · (x−1wnxv)n .
Since the sequence w1 . . . wn is well defined only up to cyclic reorder-
ings, the word rv is well defined up to conjugation in the free group
generated by {xv | v ∈ V (W )}, and we can define the relation rv = 1 on
that group. We define
ΓW = 〈xv v ∈ V (W ) | rv = 1 v ∈ V (W ), xr = 1〉 .
In [10] section 3.1, Greene proves that ΓW ' pi1(ΣL).
We now proceed to the proof of the theorem. Suppose that L ⊂ S3 is an
alternating link. First of all observe that we can assume that L is a non-
split link. In fact, if L = L1 ∪L2 is a split link then ΣL = ΣL1#ΣL1 . Thus
pi1(ΣL) ' pi1(ΣL1) ∗ pi1(ΣL1) and we know that a free product admits a
left-order if and only if its factors do.
Now suppose that L ⊂ S3 is an alternating, non-split link. Take a con-
nected, alternating diagram of L and form its associated white graph
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W . Since we started from an alternating diagram of L all the edges of
the W get the same sign, say . Mirroring L if necessary (this operation
does not change the fundamental group!) we may assume that  = 1.
Suppose by contradiction that ΓW = pi1(ΣL) has a left-ordering. Choose
a vertex v of W such that xw ≤ xv for all the other vertices. We distin-
guish two cases.
Case One: xw = xv for all the vertices of W . In this case from the relation
xr = 1 (r denotes the root of W ) we deduce that ΓW = 1. Thus pi1(ΣL)
is trivial, a contradiction.
Case Two: there exists a vertex w such that xw < xv. Note that the
connectivity of W enable us to assume that (w, v) is an arc of W . It
follows that 1 < x−1w xv and 1 ≤ x−1w′ xv for each other vertex w′ connected
with v. Therefore the relation rv is positive, a contradiction.
3.4. Notes 65
3.4 Notes
The L-space conjecture for Seifert fibered manifolds (details) . . . . 65
The L-space conjecture for Seifert fibered manifolds (details)
In this note we fill various details of the proof of the L-Space Conjecture for Seifert
fibered three-manifolds sketched in the main text.
Theorem 3.2.2 (Boyer, Rolfsen & Wiest). An irreducible Seifert fibered rational homol-
ogy sphere has a taut foliation iff is an L-space, iff its foundamental group is left-orderable.
The material in this note is organized as follows. In the first section, we recollect
various basic topological results about Seifert manifolds. In the second section,
we discuss the existence of certain taut foliations themed with Seifert structures
(horizontal foliations) and we relate this concept to left-orderability. Finally, in the
last section, we put together all the pieces and we give a complete proof of the
theorem. We shall follow the proof in [42] where this argument first appeared.
Topological preliminaries
We first recollect various useful facts about the topology of Seifert fibered mani-
folds.The material presented in this section is quite classical, for a more extensive
treatment see [6], [13] [44] or [24].
A dichotomy: large and small Seifert manifolds. The distinction between large and
small Seifert manifold is an useful dichotomy arising in the topological classifica-
tion of Seifert manifolds [6].
A closed Seifert fibered manifold Y is said to be large if it contains a fibered incom-
pressible torus. If otherwise Y does not contain such incompressible torus we say
that Y is small. In some sense, almost all Seifert fibered manifolds are large. In fact,
we have the following proposition.
Lemma 3.4.1. A Seifert fibered three manifold Y = (Σ;α1/β1, . . . , αm/βm) is large un-
less either Σ = S2 and m ≤ 3 or Σ = RP2 and m = 1.
Proof. Let p : Y → Σ be the Seifert fibering projection. Denote by p1, . . . pm ∈ Σ
the points of the base surface corresponding to the exceptional fibers of Y .
If Σ 6= S2 or RP2, then we can find an essential simple closed curve c ⊂ Σ
missing the points p1, . . . pm ∈ Σ. The desired torus is given by p−1(c).
If Σ 6= S2 and m ≥ 4, the desired torus is given by p−1(c) where c = ∂∆ is the
boundary of a disk ∆ ⊂ S2 intersecting in its interior {p1, . . . , pn} in exactly
two points and missing the remaining others.
If Y fibers over RP2 with at least m ≥ 2 exceptional fibers, the desired torus
is given by p−1(c) where as above c = ∂∆ is the boundary of a disk ∆ ⊂ RP2
intersecting in its interior {p1, . . . , pn} in exactly two points and missing the
remaining others.
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If otherwise either Σ = S2 and m ≤ 3 or Σ = RP2 and m = 1, any fibered torus
T ⊂ Y is compressible. In fact, such a fibered torus projects onto a simple
closed curve c = p(T ) bounding a disk ∆ ⊂ Σ containing no more than one
singular point and it consequently bounds a solid torus (namely the one given
by p−1(∆)).
We now describe the basic behaviour of small Seifert manifolds.
Lemma 3.4.2. A Seifert fibered three manifold Y fibering over S2 with no more than two
singular points is a lens space.
Proof. Let c ⊂ S2 be a simple closed curve disconnecting the base surface
in two disks ∆1 and ∆2 both containing at most one singular point. Since
the torus p−1(c) disconnects Y in the union of the two solid tori p−1(∆1) and
p−1(∆2), we can conclude that Y has Heegaard genus at most one, and we are
done.
Lemma 3.4.3. Let Y be a Seifert fibered three manifold fibering over RP2 with no more
than one singular point. Then Y is homeomorphic to either a Seifert manifold fibering over
S2 with no more than three singular fibers or to the connected sum RP3#RP3.
Proof. Decompose the projective planeRP2 in the union of a Mo¨bius stripM ⊂
RP2 that does not contain any singular point and a two-disk ∆ ⊂ RP2 with no
more than one singular point. Notice that Y1 = p−1(M) is homeomorphic to
a twisted product of the Mo¨bius strip with a circle and that Y2 = p−1(∆) is a
solid torus.
Since the manifold Y1 also fibers over D2 with two exceptional fibers of multi-
plicity two (see [6], section 10.11 Example(2)), we can express the whole three-
manifold Y as the result of a Dehn filling along the unique torus boundary
component of a Seifert manifold fibering over the disk.
If the meridian of the solid torus Y2 is not isotopic to a fiber of the new Seifert
fibration Y1 → D2 we can extend the Seifert structure of Y2 to a Seifert structure
of Y1 ∪∂ Y2 in order to obtain the desired Seifert fibration Y = Y1 ∪∂ Y2 → S2
with no more than three singular points.
If otherwise the meridian of the solid torus Y2 is isotopic to a fiber of the new
Seifert fibration Y1 → D2 the manifold Y can be completely understood: it is
homeomorphic to the connected sum RP3#RP3.
With this discussion in mind, we shall divide Seifert fibered rational homology
spheres according to the following table.
Type I Type II Type III
base S2 and base RP2 and S3, Lens Spaces
m ≥ 3 singular fibers m ≥ 2 singular fibers and RP3#RP3
Table 3.1: Classification of Seifert fiberd rational homology spheres.
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Orbifold structure of the base of a Seifert fibered manifold. In this section we de-
scribe the natural orbifold structure 1 of the base surface of a Seifert fibered manifold
and we prove a classification result that will be important for our purposes.
Let Y = (Σ;α1/β1, . . . , αm/βm) be a Seifert fibered manifold having all the excep-
tional fibers with multiplicity αi ≥ 2 2.
Figure 3.4: The points in a meridional disk of an α/β-fiberd solid torus neigh-
bourhood of an exceptional fiber are identified in the base surface according to
the action of the group generated by a rotation of angle 2pi/α about the origin.
As suggested by Figure 3.4, in a neighbourhood of a point x ∈ Σ corresponding to
an exceptional fiber with multiplicity α, the surface Σ is modelled on the Euclidean
plane E2 modulo the action of the group Z/nZ generated by a rotation of angle
2pi/α about the origin. This particular behaviour of the base surface Σ near the
points corresponding to the exceptional fibers enable us to endow Σ with an orb-
ifold structure having those points as singular conic points of multiplicity α1, . . . , αm
(see [24] Section 6.2.4 for more details). We emphasize the existence of this extra
structure on the base surface Σ by writing Σ(α1, . . . , αm).
The orbifold surface Σ(α1, . . . , αm) has an orbifold Euler characteristic: the rational
number defined by the formula
χorb = χ(Σ)−
m∑
i=1
(
1− 1
αi
)
.
1 See [44] for accurate definitions and basic results.
2Notice that a Seifert manifold can always be arranged to fiber in in this fashion unless
it has only exceptional fibers with multiplicity one, i.e. in the case when Y is a circle bundle
on the surface Σ. Because of our purposes we can exclude this case from our discussion.
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Depending whether the orbifold Euler characteristic χorb is positive, negative or
zero the orbifold universal cover X of Σ(α1, . . . , αm) is either S2,H2 or E2 (see [24]
Theorem 6.2.10). In other words we can find a discrete subgroup Γorb ⊂ Isom(X)
such that Σ(α1, . . . , αm) = X/Γorb where X = S2,H2 or E2 according to the sign of
the orbifold Euler characteristic.
The group Γorb is the orbifold fundamental group of the orbifold surface Σ(α1, . . . , αm).
It can be computed directly from the fundamental group of the Seifert fibered man-
ifold Y = (Σ;α1/β1, . . . , αm/βm) since there is a short exact sequence (see [24]
Proposition 10.3.2)
0→ 〈〈γ〉〉 → pi1(Y )→ Γorb → 0 .
Here 〈〈γ〉〉 denotes the normal closure in pi1(Y ) of the subgroup generated by a
regular fiber γ. Recall that the fundamental group of a Seifert fibered manifold
Y =
(
Σ;
α1
β1
, . . . ,
αm
βm
)
is given by
〈
a1, b1, . . . ag, bg, c1, . . . cm, γ
∣∣∣∣∣∣∣
[a1, b1] . . . [ag, bg] = c1 . . . cm,
[γ, ai] = [γ, bi] = [γ, ci] = 1
cαii · γβi = 1 i = 1, . . . ,m
〉
when the base Σ is orientable, and by〈
a1, . . . ag, c1, . . . cm, γ
∣∣∣∣∣ a21 . . . a2g · c1 . . . cm = 1, c
αi
i · γβi = 1
[γ, ci] = 1, aiγa
−1
i = γ
−1
〉
if otherwise Σ is non-orientable. Of course, here g denotes either the orientable or
the non-orientable genus of Σ depending on whether Σ is orientable or not. By
introducing the relation γ = 1 in those presentations we obtain a presentation for
the orbifold fundamental group Γorb of the orbifold surface Σ(α1, . . . , αm).
Summarizing, according to whether χorb is positive, negative or zero, we can ex-
press the orbifold surface Σ(α1, . . . , αm) as the quotient of X = S2,H2 or E2 under
the action of the group Γorb = Γ(α1, . . . , αm) given by〈
a1, b1, . . . ag, bg, c1, . . . cm
∣∣∣∣∣ [a1, b1] . . . [ag, bg] = c1 . . . cm,cαii = 1 i = 1, . . . ,m
〉
if Σ is orientable, and by〈
a1, . . . ag, c1, . . . cm
∣∣∣∣∣ a
2
1 . . . a
2
g · c1 . . . cm = 1,
cαii = 1 i = 1, . . . ,m
〉
if Σ is non-orientable.
In the case when Σ = S2, the action of Γ(α1, . . . , αm) on the orbifold universal cover
of S2(α1, . . . , αm) is particularly nice and can be made explicit. Let us see how this
geometric action works.
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Figure 3.5: The net of triangles with angles (pi/2, pi/3, pi/6) generated by the
construction in the case when m = 3 and (α1, α2, α3) = (2, 3, 6). The tri-
angles composing the net are obtained from a triangle A1A2A3 with angles
(pi/2, pi/3, pi/6) by successive reflections relative to the sides. Picture by Ana-
toly Fomenko.
First consider the case when χorb = 0, for example have in mind the case when
m = 3 and (α1, α2, α3) = (2, 3, 6). On the plane E2, fix an Euclidean m-agon A with
vertices A1, . . . , Am and interior angles (m− 2)pi/α1, . . . , (m− 2)pi/α1 respectively,
then decompose the plane as the union of the m-agons obtained from A by succes-
sive reflections along the sides (see Figure 3.5 for a picture). Denote the obtained
tilling of the plane by T (α1, . . . , αm). 3
The tilling T (α1, . . . , αm) has a group of symmetries defined as the group of ori-
entation preserving motions of the plane leaving invariant the ”net” of m-agons
composing the tilling. That group can be identified with the orbifold fundamental
group
Γ(α1, . . . , αm) =
〈
c1, . . . cm
∣∣∣∣∣ c1 . . . cm = 1,cαii = 1 i = 1, . . . ,m
〉
.
of the orbifold surface S2(α1, . . . , αm) by sending a generator ci onto the rotation of
angle 2pi/αi around the vertex Ti.
Notice that the construction of the tilling T (α1, . . . , αm) was possible since the con-
dition χorb = 0 guarantees that
(m− 2)pi =
m∑
i=1
pi
αi
.
3A tilling of a topological spaceX is a collection T of contractible compact setsKi ⊂ X
covering X and such that K˚i ∩ K˚j = ∅ for all i 6= j.
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Figure 3.6: A picture of the tilling T (6, 4, 2) of the hyperbolic plane H2 repre-
sented with the Poincare´ disk model.
Clearly, when χorb is non-zero an Euclidean m-agon with interior angles (m −
2)pi/α1, . . . , (m − 2)pi/α1 does not exists. In those cases the m-agon T and its as-
sociated tilling T (α1, . . . , αm) can be constructed either on the two-sphere S2 or on
the hyperbolic plane H2 according to whether the orbifold Euler characteristic χorb
is positive or negative (see Figure 3.6 for a picture in the hyperbolic case). In both
cases, the construction works in complete analogy with the case χorb = 0 and gives
the expected identification of the orbifold fundamental group Γ(α1, . . . , αm) with
the group of symmetries of the tilling T (α1, . . . , αm).
Notice that the condition χorb > 0 occurs sporadically. In fact, since
χorb = χ(Σ)−m+
m∑
i=1
1
αi
≤ χ(Σ)−m+
m∑
i=1
1
2
= χ(Σ)− m
2
,
we can conclude that the base orbifold of a large Seifert manifold has always non
positive orbifold Euler characteristic. In the case of small Seifert manifolds we have
two cases: the case when the manifold fibers either over RP2 with m ≤ 1 excep-
tional fibers or over S2 with m ≤ 2 exceptional fibers, and the one when the mani-
fold fibers over S2 with m = 3 exceptional fibers. In the first case a direct compu-
tation reveals that the orbifold Euler characteristic χorb is always positive, while in
the second one we have that
χorb = χ(S2)−
3∑
i=1
(
1− 1
αi
)
= 2− 3 +
3∑
i=1
1
αi
=
(
1
α1
+
1
α2
+
1
α3
)
− 1 .
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Figure 3.7: The tillings T (2, 2, 6) and T (2, 3, 5) of the sphere S2. Notice that,
when (α1, α2, α3) is an exceptional triple, Γ(α1, α2, α3) ⊂ O(3) is finite. Its
order can be proved to be equal to one-half the number of the triangles ap-
pearing in the net T (α1, α2, α3). Picture by Anatoly Fomenko.
and we can conclude that χorb > 0 occurs only when the inequality 1/α1 + 1/α2 +
1/α3 > 1 holds. In that case we say that the triple (α1, α2, α3) is exceptional. Doing
a little bit of elementary arithmetic is easy to show that the exceptional triples are
in the following list
(2, 3, 3) (2, 3, 4) (2, 3, 5) (2, 2, n) with n ≥ 2.
See figure 3.7 for some picture of spherical tillings. According to this discussion,
we shall divide Type I Seifert fiberd rational homology spheres in two subtypes:
Type I-A Type I-B
base orbifold S2(α1, . . . , αm) with m ≥ 4, base orbifold S2(α1, . . . , αm)
or m = 3 and (α1, α2, α3) non exceptional with (α1, α2, α3) exceptional
Table 3.2: Classification of Type I Seifert fiberd rational homology spheres ac-
cording to the orbifold Euler characteristic of their base.
We conclude this section stating a useful lemma that will be used in the next section.
Proposition 3.4.4. Suppose that p : Y → Σ(α1, . . . , αn) is a Seifert fibration. If
q : Σ˜(β1, . . . , βm)→ Σ(α1, . . . , αn)
is an orbifold covering map then there is a Seifert fibration p′ : Y˜ → Σ˜(β1, . . . , βm) and a
covering map q′ : Y˜ → Y such that q ◦ p′ = p ◦ q′
Sketch of proof. Define Y˜ as {(y, x) ∈ Y ×Σ˜ such that p(y) = q(x)} and the maps
p′ and q′ as the obvious projections.
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Uniqueness of Seifert structures. We conclude this preliminary section by proving
that, under appropriate hypothesis on the fundamental group, a Seifert fibered ra-
tional homology sphere has a unique Seifert structure up to isomorphisms.
First of all, recall the following theorem coming from the classical theory of Seifert
manifolds.
Theorem 3.4.5. Seifert fiberings of orientable Seifert fibered manifolds are unique up to
isomorphism, with the exceptions of the following ones:
- (D2;α/β) the various model fiberings of D2 × S1,
- (D2; 2, 2) = (S1×˜I; ∅) two fiberings of S1×˜S1×˜I ,
- (S2;α1/β1, α1/β2) various fiberings of S3, S2 × S1 and lens spaces,
- (S2; 2,−2, α/β) = (RP2;β/α) for α, β 6= 0,
- (S2; 2,−2, 2,−2) = (RP2#RP2; ∅) two fiberings of S1×˜S1×˜S1.
Proof. For a proof see [13], Theorem 2.3
Using Theorem 3.4.5 we now prove the following uniqueness result.
Lemma 3.4.6. Let Y be an irreducible Seifert fibered rational homology sphere. If the
fundamental group of Y is infinite then Y has a unique Seifert fibering up to isomorphisms.
Proof. Since Y is closed, according to Theorem 3.4.5, if by contradiction Y has
more then one Seifert fiberings, then Y is homeomorphic to either S3, S2 × S1,
a lens space, (RP2#RP2; ∅) or (RP2;α/β) with α, β 6= 0.
Since Y has infinite fundamental group, it can be homeomorphic to S3 or to
a lens space. By irreducibility the case that Y is homeomorphic S2 × S1 is
also excluded. Therefore, Y is homeomorphic to either W = (RP2#RP2; ∅) or
Z = (RP2;α/β) with α, β 6= 0. The first occurrence is excluded since Y is a
rational homology sphere and H1(W,Q) = Q. Thus the only possibility is that
Y ' (RP2;α/β) for some α, β 6= 0.
We now prove that Z = (RP2;α/β) has finite fundamental group. A presenta-
tion of G = pi1(Z) is given by〈
a, c, γ
∣∣∣ a2c = 1, [c, γ] = 1, cαγβ = 1, aγa−1 = γ−1〉
or equivalently by〈
a, γ
∣∣∣ [a−2γ] = 1, γβ = a2α, aγ = γ−1a〉 .
From the relation aγ = γ−1a we deduce that each g ∈ G can be written in the
form g = γman for some m,n ∈ Z. Thus if we prove that the generators γ and
a have finite order we are done. Since γ and a are related by a relation of the
form γβ = a2α for some α, β 6= 0, a has finite order if and only if γ has finite
order. On the other hand, γ has finite order since
γβ = a2α = a a2α a−1 = aγβa−1 =
(
aγa−1
)β
= γ−β .
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Horizontal foliations and left-orderings
On a Seifert fibered manifold we can consider a particular class of foliations: hori-
zontal foliations. In this section we introduce horizontal foliations, and we prove that
if a Seifert fibered manifold has such a foliation, then (under appropriate topolog-
ical assumptions) its fundamental group is left-orderable. Furthermore, we prove
that if a Seifert manifold has left-orderable fundamental group, then it contains a
horizontal foliation.
From horizontal foliations to left-orderings. A horizontal foliation of a Seifert
fiberd manifold Y is a foliation F of Y whose leaves are everywhere transverse to
the Seifert fibers of Y . Of course, horizontal foliations are taut.
Proposition 3.4.7. If Y =
(
S2; α1β1 , . . . ,
αn
βn
)
is Seifert fibered rational homology sphere
admitting a horizontal foliation, then pi1(Y ) is left-orderable.
Proof. We prove that a horizontal foliation of a Seifert fibered rational homol-
ogy sphere fibering over S2 is R-covered.
Let Y =
(
S2; α1β1 , . . . ,
αn
βn
)
be a Seifert fibered rational homology sphere and F
an horizontal foliation of Y . Since a horizontal foliation is a taut foliation, we
can conclude that Y is irreducible and that its fundamental group is infinite
(Corollary 1.2.7).
Let X → S2(α1, . . . , αn) be the universal orbifold cover of the base surface.
Pulling-back the Seifert fibration Y → S2(α1, . . . , αn) via the orbifold covering
map X → S2(α1, . . . , αn), we get a three-manifold Y˜ fibering over X without
singular fibers that covers Y with a fiber-preserving covering projection Y˜ →
Y (Proposition 3.4.4).
We claim that the orbifold Euler characteristic χorb of S2(α1, . . . , αn) is non-
positive. In fact, if by contradiction χorb > 0 then Y˜ is a S1-bundle with base
X = S2, and consequently it is either a Lens Space or S3. Since Y˜ covers Y
we can conclude that the universal cover of Y is either S3 or S2 × R. The first
occurrence is excluded because Y has infinite fundamental group, while the
second is excluded because it is irreducible. Thus we have that χorb ≤ 0 as
claimed.
Since χorb ≤ 0 we can conclude that X = E2 or H2, and consequently that
Y˜ = X × S1 (being an S1-bundle with contractible base). By composing the
fiber-preserving covering projection X × S1 → Y with the universal covering
projection X × R → X × S1, we get a covering map p : X × R → Y sending
vertical lines onto Seifert fibers.
Since p : X × R → Y is the universal cover of Y , the foliation F is R-covered
provided that the leaf space of the pull-back foliation F˜ = p∗F is homeomor-
phic to the real line. We claim that F˜ agrees with the foliation having as leaves
the horizontal planes X × t.
We first prove that a leaf L ⊂ X × R of F˜ is contained in a horizontal plane
X × t. Suppose by contradiction that such a leaf L intersect a line p×R in two
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points, say x and y. Take an arc γ1 joining x and y inside L (recall that leaves
are connected by definition!). Let γ2 ⊂ p× R be the segment of line through x
and y.
Notice that, since the covering projection X × R sends vertical lines to Seifert
fibers, the fact that F is horizontal guarantees that the vertical lines p × R are
transverse to the leaves of the foliation F˜ .
Consider the closed loop γ = γ1 ∪ γ2. Since γ is union of an arc tangent to the
foliation F˜ and an arc transverse to its leaves, it can be perturbed to a closed
loop γ˜ everywhere transverse to F˜ . Because of Novikov’s theorem (Theorem
1.2.4), the homotopy class of the loop γ˜ has infinite order in pi1(X × R), a con-
tradiction with the fact that X × R is contractible.
Since each leaf of F˜ is contained in a horizontal plane X × t we can conclude
that each of these planes is union of leaves. Since leaves are connected, im-
mersed surfaces, we can conclude that each horizontal plane X × t is a leaf of
F˜ . Thus F˜ agrees with the foliation of X × R in horizontal planes whose leaf
space is homeomorphic to the real line.
From left-orderings to horizontal foliations. In this section we relate left-orderings
to horizontal foliations.
Proposition 3.4.8. If Y =
(
Σ; α1β1 , . . . ,
αm
βm
)
is an irreducible Seifert fibered rational ho-
mology sphere with left-orderable fundamental group, then Y is a Type I.A Seifert fibered
rational homology sphere (Table 3.2) and it admits a coorientable horizontal foliation.
Proof. Suppose that G = pi1(Y ) is left-orderable. Fix an injective homomor-
phism φ : G → Homeo+(R) and consider the associated action G × R → R of
G on the real line.
Step One: the action G×R→ R can be assumed to have no global fixed points.
Let
C =
{
x ∈ R such that g · x = x for all g ∈ G
}
be the set of global fixed point of the action of G on R. Since C is a closed set,
its complement is a union of countably many pairwise disjoint open intervals.
Notice that being the action of G by orientation-preserving homeomorphisms
each of those intervals is left invariant by the action of G.
Let J ⊂ R be a connected component of R r C. Since J is left invariant by
the action of G, we can consider the restricted action G × J → J . The desired
action without global fixed points G × R → R is obtained by conjugating the
action G× J → J by a homeomorphism J → R.
Step Two: suppose that the action G × R → R induced by φ is without global
fixed points. If γ is regular fiber of Y then φ(γ) is conjugate in Homeo+(R) to a
translation map t 7→ t+ 1.
Since any fixed-point-free element of Homeo+(R) is conjugate to a translation
by 1, by contradiction φ(γ) is not conjugate to a translation t 7→ t + 1 we can
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find x0 ∈ R such that γ ·x0 = x0. We claim that x0 is a global fixed point for the
action G×R→ R induced by φ, contradicting the hypothesis that the action is
without global fixed points.
Since Y is a rational homology homology sphere the base Σ of Y is a either S2
or RP2. In that case a presentation of G = pi1(Y ) is given by〈
c1, . . . cm, γ
∣∣∣∣∣ c1 . . . cm = 1[γ, ci] = 1, cαii · γβi = 1
〉
if Σ = S2, and by〈
a, c1, . . . cm, γ
∣∣∣∣∣ a2c1 . . . cm = 1, c
αi
i · γβi = 1
[γ, ci] = 1, aγa
−1 = γ−1
〉
if otherwise Σ = RP2. Thus for each i ∈ {1, . . .m}
cαii · x0 = γ−βi · x0
and since the action of G is by orientation preserving homeomorphisms we
can conclude that x0 is a fixed point for the action of c1 . . . cm. This concludes
the proof of the claim in the case when Σ = S2. In the case when Σ = RP2 we
have one extra generator. Using the relations satisfied by the extra generator a
we find that
a2 · x0 = c−1m . . . c−11 · x0 = x0
and x0 is a fixed point for the action of a as well. Therefore the claim holds also
in the case when Σ = RP2.
From now on we suppose that G acts on the real line without global fixed
points and that the homotopy class of a regular fiber γ ∈ G acts as a translation
t 7→ t+ 1.
Let X → Σ(α1, . . . , αn) be the universal oribifold cover of the base surface
of Y . Pulling-back the Seifert fibration Y → Σ(α1, . . . , αn) along the orbifold
covering map X → Σ(α1, . . . , αn), we get a three-manifold Y˜ fibering over X
without singular fibers that covers Y via a fiber-preserving covering projection
Y˜ → Y .
Using the same argument used in the proof of Theorem 3.4.7 we can conclude
that the orbifold Euler characteristic χorb of the base surface Σ(α1, . . . , αn) is
non-positive, and consequently that X = E2 or H2. Notice that in this case the
argument works because Y is irreducible by hypothesis and its fundamental
group G is infinite being left-orderable.
Step Three: Y has a coorientable horizontal foliation.
On the product X × R the fundamental group of Y can be made to act as
follows. For each g in G = pi1(Y ), denote by g¯ ∈ Γ(α1, . . . , αn) the image of g
through the natural projection G → Γ(α1, . . . , αn). Define the action of g ∈ G
on a pair (x, t) ∈ X × R by setting
g · (x, t) = (g¯ · x, φ(g)(t)) .
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Of course, here the action of g¯ on the first component is the natural action of the
orbifold fundamental group of Σ(α1, . . . , αn) on its orbifold universal cover.
Notice that the obtained action of G on X ×R is properly discontinuous (since
the action on both components have this behaviour by construction) and with-
out global fixed points (since the action of G on the real line has been modified
in order to have no global fixed points).
Let N be the quotient of X × R under the action of G. Since the action of G
on X × R is properly discontinuous and without fixed points, the projection
X×R→ N is a covering map. Thus,N is a three-manifold having as universal
cover X × R and fundamental group isomorphic G.
Being X contractible, we can conclude that the universal cover of N is also
contractible and consequently that N is a K(G, 1). Since G is infinite, because
of the main result of [45] we can conclude that Y is actually diffeomorphic
to N . The line field p × R and the foliation by horizontal planes X × t give
to the quotient Y = X × R/G a Seifert structure and a coorientable foliation
horizontal with respect to that Seifert structure.
In order to conclude that there exists a foliation horizontal with respect to the
Seifert structure we started with, observe that, because of Lemma 3.4.6, up to
isomorphisms Y carries only one Seifert structure.
Step Four: Y is a Type I.A Seifert fibered rational homology sphere.
Since the orbifold Euler characteristic of the base surface Σ(α1, . . . , αn) is non
positive, we can conclude that Y is either a Type I.A or a Type II Seifert fibered
rational homology sphere (have in mind the classification Seifert fibered ratio-
nal homology spheres according to Table 3.1 and Table 3.2). In order to obtain
that Y is actually of Type I.A we prove that a Seifert fibered manifold Y admit-
ting a coorientable horizontal foliation has always an orientable base.
Suppose that F is a coorientable horizontal foliation. Denote by p : Y → Σ
the Seifert fibration. Since away from the exceptional fibers TF = p∗(TΣ),
we can conclude that TΣ is orientable away from a finite number of points,
say x1 . . . xn. Now, if the first Stiefel-Whitney class w1(Σ r {x1 . . . xn}) van-
ishes so does the characteristic class w1(Σ) (the map induced by the inclusion
i∗ : H1(Σ r {x1 . . . xn},Z2) → H1(Σ,Z2) is injective by Mayer-Vietoris and
i∗w1(Σr{x1 . . . xn}) = i∗w1(Σ)), therefore if TF is orientable we can conclude
that also TΣ is orientable.
Review of the main argument
Seifert fibered L-spaces. In order to conclude the proof of the L-space conjecture
for Seifert fibered manifolds we need to understand something about the Heegaard
Floer homology of this manifolds. The two main steps needed to accomplish this
program are the following theorems.
Theorem 3.4.9 (Boyer, Gordon & Watson). A Seifert fibred three-manifold fibering over
RP2 with at least one singular fiber is an L-space.
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The proof of Theorem 3.4.9 is another application of the L-Space Skein Criterion
(Theorem 2.2.4) and can be found in [41] (Proposition 5).
Theorem 3.4.10 (Lisca & Stipsicz). Let us suppose that Y is an oriented rational ho-
mology three-sphere which is Seifert fibered over S2. Then, the following statements are
equivalent:
i) Y is an L–space
ii) either Y or −Y carries no positive, transverse contact structures,
iii) Y carries no horizontal foliations,
iv) Y carries no taut foliations.
For a proof of Theorem 3.4.10 see [23].
Review of the main argument. We are now ready for the proof of the main theorem.
Theorem (Boyer, Rolfsen & Wiest). An irreducible Seifert fibered rational homology
sphere has a taut foliation iff is an L-space, iff its fundamental group is left-orderable.
Proof. Suppose that Y is a Seifert fibered irreducible rational homology sphere.
We divide the argument in four parts according to the classification of Seifert
fibered rational homology spheres of Table 3.1 and 3.2.
If Y is of Type I.A we can conclude by using Proposition 3.4.7, Propostion 3.4.8
and Theorem 3.4.10.
If Y is of Type I.B, because Proposition 3.4.8 the group pi1(Y ) does not have
any left-ordering. As consequence (because of Proposition 3.4.7) Y does not
contain any taut foliation. The fact that Y is an L-space is a consequence of
Theorem 3.4.10.
If Y is of Type II because of Theorem 3.4.9 we can conclude that it is an L-space,
and thus that it does not contain taut foliations. Furthermore in this case the
fundamental group of Y can’t be left-orderable because of Proposition 3.4.8.
If Y is of Type III then Y is a lens space or S3 (it can’t be RP2#RP2 since it
is irreducible). Thus it is an L-space, and having finite fundamental group it
can’t have taut foliation nor left-orderable fundamental group.

CHAPTER 4
CONSTRUCTING TAUT FOLIATIONS
The goal of this chapter is to establish some existence result for taut folia-
tions in rational homology spheres. We will concentrate on the case of three-
manifolds obtained from a given mapping torus by Dehn filling operations.
The material of this chapter is organized as follows. In the first section we
recollect some basic notions about train tracks and branched surfaces. In the
last two sections we give a complete exposition of the material in [39] and
[15].
4.1 Toolkit: Train Tracks and Branched Surfaces
Train Tracks.
Let Σ be a oriented closed surface. A train track on Σ is just a subspace
τ ⊆ Σ locally modelled on figure 4.1a. Notice that combinatorially a train
track τ is nothing but a three-valent graph embedded in the surface Σ. The
vertices of a train track τ are called switches. The connected components of
τ \ {vertices} are called tracks.
A train track τ has a regular neighbourhood N(τ) fibered by intervals (see
Figure 4.1b). As shown in Figure 4.1b, the boundary of N(τ) consists of two
parts: the horizontal boundary ∂hN(τ) which is transverse to the I-fibers
of N(τ), and the vertical boundary ∂vN(τ) which is union of subarcs of the
I-fibers.
Weight systems. Let τ be a train track on Σ. A weight system on τ is a func-
tion µ assigning to each track of τ a positive real number such that: if we
have weights assigned as in Figure 4.2a then the switch condition a = b+ c is
satisfied. A weighted train track is a train track equipped with a weight sys-
tem. There are various topological constructions related to weighted train
tracks. Let us see the most important ones for our purposes.
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(a) (b)
Figure 4.1
From weighted train tracks to multicurves. Let Σ be a oriented closed sur-
face and τ a train track on Σ. A weight system with integral values µ on τ
determines a multicurve on Σ as follows.
Choose a regular neighbourhood N(τ) of τ , and an hexagonal neighbour-
hood of each switch of τ as in Figure 4.2b. In the complement of these
hexagons N(τ) is a union of rectangles R1 . . . Rn (one for each track of τ )
labelled by positive integral weights µ1 . . . µn. Fill each rectangle Ri with µi
parallel segments as in Figure 4.2c, then reconnect these curves filling the
hexagons containing the switches as described in Figure 4.2d. The multic-
urve obtained by this construction will be denoted by mµ(τ).
(a) (b)
(c) (d)
Figure 4.2
From weighted train tracks to laminations. The construction of the para-
graph above has a continuous analogue that enables us to construct a lami-
nation starting from a weighted train track .
Let Σ be a oriented closed surface. A weighted train track (τ, µ) on Σ deter-
mines a lamination of a regular neighbourhood N(τ) of τ as follows.
Fix once and for all a small  > 0. Choose an hexagonal neighbourhood of
each switch of τ as in the latter construction. As above, in the complement
of these hexagonsN(τ) is a union of rectanglesR1 . . . Rn labelled by positive
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(a)
(b) (c)
Figure 4.3
real numbers µ1 . . . µn. For each rectangle Ri choose a parametrization ϕi :
I × [0, µi − ] → Ri. For each i ∈ {1, . . . , n}, by using the parametrization
ϕi, push forward the horizontal product foliation on I × [0, µi − ] into the
rectangle Ri.
Now, in order to obtain a lamination of the whole regular neighbourhood
N(τ), we have to reconnect the product foliations in the rectangles Ri by
filling the hexagonal neighbourhoods of the switches with appropriate foli-
ations. Let us describe this operation.
Suppose that c is a switch of τ and that Hc is its associated hexagonal neigh-
bourhood. Call Ri, Rj and Rk the rectangles occurring in Hc as in Figure
4.3a. Fix a parametrization ψc : H(µi, µj) → Hc, where H(µi, µj) is the fo-
liated euclidean hexagon described in Figure 4.3b. By means of this map,
push forward the foliation in the model H(µi, µj) onto the hexagon Hc. If
we choose the parametrization ψc so that the transition maps ψ−1c ϕi|[0,µi−],
ψ−1c ϕj|[0,µj−] and ψ−1c ϕk|[0,µk−] acts as the identity, the foliation on Hc glues
nicely with the foliations on the rectangles Ri, Rj and Rk, and we obtain a
lamination of the union Ri ∪Rj ∪Hc ∪Rk.
Doing this operation near each crossing, we obtain a lamination of the whole
regular neighbourhood N(τ). We denote this lamination of N(τ) by λµ(τ).
Note that for  = 0 the non-singular foliation of the model foliated hexagon H(x, y)
collapses to the singular foliation of figure 4.3c. In this case the construction described
above produces a singular lamination having as singular leaf a copy of τ itself. This
singular lamination will be indicated by λsµ(τ).
Notice that if µ has integral values then the lamination λµ(τ) contains as
closed leaves the connected components of the multicurve associated to the
weighted train track (τ, µ).
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Extending train tracks laminations to foliations. In the latter section we
described a procedure that associates to a weighted train track in a given
surface a lamination of a regular neighbourhood of the train track itself.
Under appropriate assumptions on the complement of the train track this
lamination can be extended to a (singular) foliation of the surface.
Let Σ be a closed oriented surface and τ train track on Σ. A domain D ⊂ Σ
of τ is a connected component of its complement in Σ. We say that τ is
laminar if each domain D of τ is either an annulus or a k-gon with k ≥ 3
corners.
The following is a classical construction introduced by W. Thurston.
Proposition 4.1.1. If τ is a laminar train track in a closed oriented surface Σ then,
for each weight system µ on τ , the singular lamination λsµ(τ) extends to a singular
foliation of F .
Proof. The complement of λsµ(τ) in Σ is a union of disks and annuli,
namely the domains of τ . First of all extend the lamination λsµ(τ) to the
S1 × I regions of its complement, filling each of these regions with a
product foliation. Denote the obtained lamination by λ′.
Now, the complement of λ′ in Σ is a union k-gons (each one with k ≥ 3
corners). Collapsing each of these disk regions to a point we obtain
a surface Σc homeomorphic to Σ itself. The lamination λ′ induces a
singular foliation on Σc having as singular points the collapsed disks.
Note that a singular point corresponding to a k-gon domain D is a k-
pronged singularity of the resulting singular foliation.
In the case of the torus (the only closed oriented surface having non-singular
foliations) the construction above can be modified so that a non-singular
foliation is obtained as output.
Suppose that τ is a train track contained in the two torus T 2 and that N(τ)
is a regular neighbourhood of τ . We say that a connected component X
of T 2 \ N(τ) is a product region if either: X is a annulus with boundary
contained in the horizontal boundary of N(τ), or X is a rectangle with two
opposite sides contained in the vertical boundary ∂vN(τ), and the other two
contained in the horizontal boundary ∂hN(τ).
Proposition 4.1.2. Suppose that τ is a train track contained in the two torus T 2. If
the complement of a regular neighbourhood N(τ) of τ is a union of product regions,
then for each weight system µ on τ , the lamination λµ(τ) of N(τ) extends to a
non-singular foliation of F .
Proof. λµ(τ) fills a regular neighbourhoodN(τ) of τ whose complement
is by hypothesis a union of product regions. In order to extend λµ(τ) to
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a non singular foliation of the whole torus, fill the rectangular comple-
mentary regions with a product foliation in the obvious way, and the
S1 × I complementary regions with a product foliation {S1 × t}t∈I .
We are now interested in an explicit description of the homeomorphism
types of the foliations coming from the construction described above. In
order to do this we set up a little bit of notation.
Suppose that τ is an oriented 1 train track contained in a closed, oriented
surface Σ. If µ is a weight system on τ , for each oriented, simple closed
curve γ ⊂ Σ transverse to τ we define the intersection number
〈τµ, γ〉 =
∑
p∈γ∩τ
sign(p) · µ(p)
where µ(p) is the weight of the track containing p and sign(p) = ±1 is de-
fined according to figure 4.4b. Here the transversality condition means that
the curve γ does not contain any switch of τ and that intersects transversely
its tracks.
Observe that: i) up to isotopy we can always assume that a curve is transverse to a
given train track, ii) the intersection number 〈τµ, γ〉 depends only on the isotopy type
of the curve γ.
With this said, we have the following proposition.
Proposition 4.1.3. Let τ be an oriented train track contained in the two-torus T 2.
If the complement of a regular neighbourhood N(τ) of τ is a union of product re-
gions and µ is a rational valued weight system on τ , then the non-singular foliation
Fµ(τ) of T 2 (obtained extending the lamination λµ(τ) as in Proposition 4.1.2) con-
tains only closed leaves. Furthermore, if `,m ⊂ T 2 is a longitude/meridian system
on T 2, then the leaves of Fµ(τ) are simple closed curves of slope
s = − 〈τµ, `〉〈τµ,m〉
1here oriented means that an orientation on each branch of τ has been selected so that
the coherence condition of figure 4.4a is satisfied near each switch
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Proof. First of all, observe that the homeomorphism type of the lami-
nation Fµ(τ) depends only on the projective class of the weight system
µ. That is: if c > 0 is a positive real constant then the foliations Fc·µ(τ)
and Fµ(τ) have the same homeomorphism type. With this said we can
assume, without loss of generality, that µ has integral values.
Let m1, . . . ,mk be the connected components of the multicurve mµ(τ)
associated to the pair (τ, µ). Since m1, . . . ,mk are closed leaves of the
non singular foliation Fµ(τ), none of them bounds a disk in T 2. Hence,
m1, . . . ,mk is a collection of pairwise disjoint essential curves, and cut-
ting T 2 along mµ(τ) we obtain a collection of annuli A1, . . . , Ak.
The lamination λµ(τ) induces a lamination on each annulus Ai as de-
scribed in figure [Fig12.a]. The foliation Fµ(τ) can be recovered from
this family of laminated annuli by filling the complementary regions
on each annulus Ai as in figure [Fig12.b], and then regluing together
these foliated annuli [Fig12.c]. Now, since after the first step each an-
nulus Ai is equipped with a product foliation, the resulting foliation
Fµ(τ) turns out to be a collection of pairwise disjoint essential curves.
Let us compute the slope of those curves.
If s ∈ Q ∪ {∞} is the slope the leaves of Fµ(τ), we have that
s =
〈m1, `〉
〈m,m1〉 = −
k 〈m1, `〉
k 〈m1,m〉 = −
〈m1, `〉+ · · ·+ 〈mk, `〉
〈m1,m〉+ · · ·+ 〈mk,m〉
= −
∑
p∈`∩τ sign(p) · µ(p)∑
p∈m∩τ sign(p) · µ(p)
= − 〈τµ, `〉〈τµ,m〉
where the first equality holds sincem1, . . . ,mk are closed leaves ofFµ(τ),
the third equality appeals to the fact that m1, . . . ,mk are pairwise paral-
lel simple closed curves, while the last one is because, for each oriented
simple curve γ ⊂ T 2, we have the identity
#
(
mµ(τ) ∩ γ
)
=
∑
p∈γ∩τ
sign(p) · µ(p).
Motivated by this theorem we say that a train track τ realizes slope s ∈ R if
there exists a weight system µ on τ such that
s = − 〈τµ, `〉〈τµ,m〉 .
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Spines and Branched Surfaces.
In this section we introduce the basic terminology about branched surfaces,
which are the three-dimensional analogues of train tracks.
A abstract spine is a topological space X locally modelled on Figure 4.5. A
abstract spine X has a singular locus, the set L of points where X is not a
surface. Notice that the branching locus of a abstract spine is a 1-complex,
its vertices are the so called singular points of X .
Figure 4.5: Local models of spines.
Let Y be a smooth compact connected and oriented three-manifold. A spine
in Y is just a abstract spine X ⊆ Y intersecting ∂Y in a subcomplex of
its branching locus. A branched surface in Y is a subset B ⊆ Y locally
modelled on figure 4.6. The set L of points where a branched surface B ⊆ Y
is not a surface is called branching locus. The connected components of
B \ L are called branch sectors.
Figure 4.6: Local models of branched surfaces.
Notice that a spine X ⊆ Y together with a orientation in a neighbourhood
of its branching locus determines a branched surface in Y as described in
Figure 4.7 .
Figure 4.7: The branched surfaced associated to a oriented spine.
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Figure 4.8: A regular neighbourhood of a branched surface.
A branched surface B ⊆ Y has a regular neighbourhood N(B) fibered by
intervals (see Figure 4.8). As shown in Figure 4.8, the boundary of N(B)
consists of two parts: the horizontal boundary ∂hN(B) which is transverse
to the I-fibers of N(B), and the vertical boundary ∂vN(B) which is union
of subarcs of the I-fibers. Notice that topologically ∂vN(B) is a union of
annuli.
We say that a lamination λ ⊆ Y is carried by a branched surface B ⊆ Y if λ
lies in a regular neighbourhood N(B) of B and its leaves are transverse to
the interval fibers of N(B).
Measured branched surfaces. Let Y be a smooth compact connected and
oriented three-manifold and B ⊆ Y be a branched surface. A invariant
measure on B is a function µ assigning to each branch sector of B a positive
real number so that: if we have weights assigned as in Figure 4.9 then the
branch equations, b = f + c = d+ a, c = a+ e and d = e+ f , are satisfied.
A measured branched surface is just a branched surface equipped with a
invariant measure. As a weighted train track, a measured branched surface
in a three-manifold gives a lamination inside it.
Figure 4.9: Labellings for the branch equations.
Theorem. Let Y be a smooth compact connected three-manifold and B ⊆ Y a
branched surface. A invariant measure µ onB determines a lamination of Y carried
by B.
Sketch of proof. Let L be the branching locus of B. Fix a regular neigh-
bourhood N(L) of the branching locus in B (see Figure 4.10b) and a
regular neighbourhood N(B) of the branched surface in Y .
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Observe that (B \ N(L)) × I ⊆ N(B) is a union of product regions.
Fill each of these product regions with the product foliation and the
complement of (B \ N(L)) × I in N(B) with the foliation described in
Figure 4.10a. Then, proceeding in analogy with the case of weighted
train tracks, glue these foliations using the affine maps specified by the
invariant measure.
We denote by λµ the lamination of N(B) obtained by this construc-
tion. Notice that, by construction, λµ intersects the horizontal bound-
ary ∂hN(B) in a union of leaves and the vertical boundary ∂vN(B) in a
product foliation.
Affine measures. Sometimes it is useful to consider a generalization of the
concept of invariant measure.
Let Y be a smooth compact, connected and oriented three-manifold andB ⊆
Y be a branched surface. Suppose that C ⊆ B is a union of simple closed
curves and simple arcs, pairwise disjoint and disjoint from the branching
locus of B. An affine measure relative to C is a invariant measure on the
branched surface B \ C.
Theorem. Let Y be a smooth, compact ,connected three-manifold and B ⊆ Y a
branched surface. An affine measure µ relative to a curve systemC ⊆ B determines
a lamination of Y carried by B.
Proof. Let N(C) be a regular neighbourhood of C in B and N(B) a reg-
ular neighbourhood of B in Y .
The affine measure µ gives an invariant measure on the branched sur-
face B \ N˚(C), and consequently a lamination λµ of N(B) \ N˚(C) × I .
FillN(B)\N˚(C)×I with the foliation λµ andN(C)×I with the product
foliation.
Notice that the leaves of λµ and the leaves of the product foliation filling
N(C)× I both intersect ∂N(C)× I in a product foliation. Consequently
the leaves of the product foliation in N(C) × I glue nicely with the
leaves of λµ giving a foliation of the whole N(B).
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4.2 Taut Foliations in Fibered Knot
Complements
The main objective of this section is to give an exposition of the proof of the
following theorem [39].
Theorem 4.2.1 (Roberts, 2000). Let Y be a closed oriented three manifold, and
K ⊂ Y a non-trivial, null-homologous knot. Use as surgery longitude of K the
intersection of a Seifert surface of K with the boundary of a tubular neighbourhood
of the knot. If K is fibered then there is an open neighbourhood of zero J ⊂ R such
that for each r ∈ J ∩Q, the three manifold Yr(K) has a taut foliation.
Given a three-manifold Y with a unique torus boundary component with an
assigned longitude-meridian system, we say that a foliation F of Y realizes
∂-slope r ∈ Q if it intersects the boundary torus ∂Y in a foliation of simple
closed curves with slope r.
What will be actually proved is the following theorem.
Theorem 4.2.2. Let Σ be an oriented surface with only one boundary component,
and φ : Σ → Σ be an orientation preserving self-diffeomorphism of Σ. Denote by
Σφ the mapping torus of Σ with monodromy φ. Fix a longitude/meridian system
{µ, λ} of the boundary torus ∂Σφ by choosing λ = ∂Σ × 0 and µ ⊂ ∂Σφ as an
arbitrary curve dual to λ. If Σ is not a disk, then there is an open neighbourhood of
zero J ⊂ R such that: for each r ∈ J ∩Q there exists a taut foliation of Σφ realizing
∂-slope r.
Proof of Theorem 4.2.1 from Theorem 4.2.2. SinceK is a non-trivial fibered
knot because of Theorem 4.2.2 then there is an open neighbourhood of
zero J ⊂ R such that: for each r ∈ J ∩Q there exists a taut foliation Fr
of the complement of K in Y realizing ∂-slope r.
For each parameter r ∈ J the taut foliation Fr realizing ∂-slope r can be
extended to a foliation F̂r of the surgered manifold Yr(K) by gluing the
meridional disks of the surgery solid torus to the leaves of Fr. Notice
that the obtained foliation F̂r is taut since each of its leaves contains a
leaf of the taut foliation Fr.
Roberts’s construction.
We proceed with the proof of Theorem 4.2.2.
Let Σ be an orientable surface of negative Euler characteristic with only one
boundary component, and φ : Σ → Σ be a orientation preserving self-
diffeomorphism of Σ. Denote by Σφ the mapping torus of Σ with mon-
odromy φ, by λ = ∂Σ× 0 the standard longitude of the boundary torus ∂Σφ
and by µ ⊂ ∂Σφ an arbitrary choice for a curve dual to λ.
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Notice that for the purpose of the proof of Theorem 4.2.2 the choice of the
meridian µ is irrelevant. In fact, if we change the curve µwith another curve
µ′ = µλ+ aµ the slopes change according to the formula
s′ =
s
a− s .
Thus, if we can find a family of taut foliation realizing ∂-slopes in a neigh-
bourhood of zero with respect to the longitude/meridian system for a cer-
tain choice of the meridian µ dual to λ, then we can do the same for any
choice of such a curve.
We prove Theorem 4.2.2 by means to the following strategy.
- Step One: starting from a sequence of arcs σ in the fiber surface Σ we pro-
duce an oriented spine X ⊂ Σφ in order to obtain a branched surface Bσ
inside the mapping torus.
- Step Two: we describe a one-parameter family of affine measures µx on the
branched surface Bσ in order to produce a one parameter family of lamina-
tion λx of a regular neighbourhood of Bσ, then we extend those laminations
to a one-parameter family of foliations Fx of the whole mapping torus Σφ.
- Step Three: we do an analysis of the boundary behaviour of the foliations
Fx and we prove that those foliations realize all the ∂-slopes contained in an
open neighbourhood of zero J ⊂ R.
Construction of the oriented spine. Start with a sequence
σ = (φ(αn) = α0, . . . , αn)
composed of properly embedded, non-separating, oriented arcs contained
in the fibre surface Σ. From such a sequence we can define a spine X inside
Σφ setting
X =
n−1⋃
i=0
Σi ∪
n⋃
i=1
Di
where
Σi = Σ×
{
i
n
}
i = 0, . . . , n− 1
Di = αi ×
[
i− 1
n
,
i
n
]
i = 1, . . . , n.
We endow the surfaces Σi with their natural orientation induced from Σ,
and the disks Di according to the orientation of the boundary arcs
αi ×
{
i− 1
n
}
− αi ×
{
i
n
}
.
The choice of such orientations gives an orientation on the spine X . The
branched surface associated to the oriented spine X will be denoted by Bσ.
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Figure 4.11: The behaviour near the boundary of a good pair (α, β). On the
left is shown a positive good pair while on the right a negative good pair.
An affine measure on the branched surface. We now describe an affine mea-
sure on a branched surface Bσ constructed from a sequence of arcs σ =
(φ(αn) = α0, . . . , αn). In order to do this operation we need some hypothe-
sis on the sequence σ. So we start setting up a little bit of vocabulary.
A pair (α, β) of oriented properly embedded arcs contained in Σ is said to be
good if the arcs α and β are disjoint with their endpoints alternating along
∂Σ as described in Figure 4.11. We call a sequence of arcs σ = (φ(αn) =
α0, . . . , αn) good if each pair (αi−1, αi) is good for i = 0, . . . , n− 1.
A good pair (α, β) is said to be positive or negative according to Figure
4.11. A good sequence of arcs σ = (φ(αn) = α0, . . . , αn) is said to be posi-
tive/negative if each pair (−αi−1, αi) is positive/negative.
Lemma 4.2.3. Let σ = (φ(αn) = α0, . . . , αn) be a sequence of arcs and Bσ its
associated branched surface. If σ is a good sequence of arcs, then there exist a family
of arcs {β0, . . . , βn−1}, with βi ⊂ Σi properly embedded arc, such the branched
surface Bσ can be affinelly measured with respect to C = β0 ∪ · · · ∪ βn−1.
Proof. For i = 0, . . . , n−1, let Ti be a regular neighbourhood of αi∪αi+1∪
∂Σi in the fiber surface Σi. Since for each i the pair of arcs (αi, αi+1) is
a good pair, Ti is a genus-one orientable surface with two boundary
components. For each i ∈ {0, . . . , n − 1}, choose a properly embedded
arc βi ⊂ Ti as in figure 4.12.
An affine measure µx of the branched surface Bσ with respect to C =
β0 ∪ · · · ∪ βn−1, can be obtained assigning weight x ∈ (0,+∞) to the
branch sectors of Bσ corresponding to the disks Di, and the weight 1, x
and 1 + x to the other branch sectors as suggested in figure 4.12.
We denote by λx the lamination associated to the affine measure µx con-
structed in the previous lemma.
Extending the laminations to taut foliations. Summarizing: to a good se-
quence of arcs σ = (φ(αn) = α0, . . . , αn) can be associated a branched sur-
faceBσ inside the mapping torus Σφ. On this branched surface we can find a
family of arcs {β0, . . . , βn−1} and a one-parameter family of affine measures
{µx| x ∈ (0,+∞)} relative to C = β0 ∪ · · · ∪ βn−1. According to the theory
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Figure 4.12: On the left a picture of the branched surface in a neighbourhood
of the sectors in Σi. The curve C denotes the boundary component of the
planar surface Ti ⊂ Σi contained in the interior of Σi. On the right a picture
showing how to make the choice of the arc βi. The ”black hole” denotes the
boundary component of Ti corresponding to ∂Σi.
of measured branched surfaces, for each x ∈ (0,+∞) the affine measure µx
determine a lamination λx of a regular neighbourhood of Bσ.
Now, since the complement of (a regular neighbourhood of) Bσ in Σφ is a
product, for each x ∈ (0,+∞) the laminations λx can be extended to a folia-
tionFx of the whole mapping torus just by filling the complementary region
with a product foliation. Thus we obtained the following proposition.
Proposition 4.2.4. A good sequence of arcs σ = (φ(αn) = α0, . . . , αn) determines
a one-parameter family of foliations Fx of the mapping torus Σφ.
Analysis of the boundary train track. Our goal now is to understand the
behaviour of the boundary foliations ∂Fx = Fx∩∂Σφ determined by a good
sequence of arcs. Our main result is the following theorem.
Lemma 4.2.5. Let α ⊂ Σ be a properly embedded, non-separating, oriented arc
inside the fiber surface Σ. If σ = (φ(αn) = α0, . . . , αn = α) is a negative good
sequence then its associated one-parameter family of foliations Fx realize all the ∂-
slopes in an interval (−a, 0] for some a > 0. If σ is a positive good sequence then
the foliations Fx realize all the ∂-slopes in an interval [0, b) for some b > 0.
Before the proof a clarification is needed. Because of our purposes, for this
statement it is important that the choice of the meridional curve µ with re-
spect to which the slopes are computed does not depend on the sequence σ
but only on the pair (α, φ(α)). For this reason we make an intrinsic choice
of the meridian µ depending only on the arc α.
We choose the meridian µ dual to the standard longitude λ = ∂Σ × 0 as
follows. Consider the disk D = α × [0, 1] in the mapping torus. Isotope D
so that the arcs α× 0 and φ(α)× 1 are in minimal position inside Σ× 0 and
choose either one of the subarcs D∩Σφ. Call this subarc ν. The endpoints of
ν cut ∂Σ× 0 in two connected components that we denote by δ1 and δ2. For
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Figure 4.13
i = 1, 2 set µi = ν ∪ δi. Orient the two curves so that µi · λ = 1. We choose µ
as one of these two curves.
Proof of Lemma 4.2.5. Suppose that σ is a positive good sequence, in the
case when σ is negative the proof is similar.
Let τσ = Bσ ∩ ∂Σφ be the boundary train track of the branched surface
Bσ associated to σ. The positivity condition on σ guarantees that the
boundary of the union of the arcs β0 . . . βn−1 introduced in the proof
of Lemma 4.2.3 disconnects τσ in two connected components. One of
such connected components contains all the arcs of Di ∩ ∂Σφ oriented
downwards while the other contains all the arcs oriented upwards.
For each choice of the parameter x ∈ [0,+∞), the affine measure µx
introduced in Lemma 4.2.3 induces a weight system on the branch sec-
tors of the two connected components of τσ r (∂β0 ∪ · · · ∪ ∂βn−1). Scal-
ing the weights on one of the two connected components by a factor
1/(x+ 1), we obtain a weight system wx on the train track τσ describing
the boundary foliation ∂Fx.
Therefore according to Proposition 4.1.3, the foliation Fx intersects the
boundary of Σφ in a collection of simple closed curves and realize the
∂-slope
s(x) = −〈τx, λ〉〈τx, µ〉 .
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Here τx denotes the weighted train track (τσ, wx). Let us prove that the
set {
s(x) ∈ R
∣∣∣ x ∈ [0,+∞) }
is an interval of the form [0, b).
If we choose the meridian µ adapted to the arc α the weighted train
track τx appears as in Figure 4.13. From that figure it is clear that
〈τx, λ〉 = x− x
x+ 1
=
x2
x+ 1
.
Thus
s(x) =
x2
(x+ 1) · z(x)
where z(x) = −〈τx, µ〉. Notice that: because of the choice of the merid-
ian z(x) is a positive function 2 and z(0) = n. 3
Therefore we have that s(x) is a positive continuous function (in fact it
is a rational function) of x ∈ [0,+∞) and that s(0) = 0. Hence we can
conclude that s ([0,+∞)) ⊂ R is an interval of the form [0, b), and we
are done.
Finally the theorem. Using all the machinery developed in the preceding
sections we can finally prove the main theorem.
Theorem 4.2.2. Let Σ be an oriented surface with only one boundary component,
and φ : Σ → Σ be an orientation preserving self-diffeomorphism of Σ. Denote by
Σφ the mapping torus of Σ with monodromy φ. Fix a longitude/meridian system
{µ, λ} of the boundary torus ∂Σφ by choosing λ = ∂Σ × 0 and µ ⊂ ∂Σφ as an
arbitrary curve dual to λ. If χ(Σ) < 0, then there is an open neighbourhood of
zero J ⊂ R such that: for each slope r ∈ J ∩ Q, there exists a taut foliation of Σφ
realizing ∂-slope r.
Proof. According to Lemma 4.2.5 it suffices to prove that given a pair of
arcs (α, β) we can find a positive good sequence and a negative good
sequence connecting α and β.
Start with the case when α 6= β. A good sequence connecting α and
β can be constructed from a choice of an orientation preserving self-
diffeomorphism h sending α onto β.
Let B1 ⊂ Σ a simple closed curve dual to α. Complete B1 to a Lickorish
system of curves
Hg = {A1 . . . Ag, B1 . . . Bg, C1 . . . Cg−1}
2Here is also crucial the choice of the parameter x ranging over [0,+∞)
3Is not important, but note that the equality z(0) = n holds independently from the
choice of the meridian µ
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Figure 4.14: A Lickorish system of curves.
as described in Figure 4.14. In [21] Lickorish proved that the group of
orientation preserving self-diffeomorphisms of Σ is generated by the
Dehn twists about the curves in Hg. So we can find a factorization h =
h1 . . . hm where h1 . . . hm are Dhen twists about curves inHg.
Notice that α is left invariant by the action of all Dehn twists about
curves in Hg except for the action of the Dehn twist τ about the curve
B1. A quick check reveals that (α, τ(α)) is good pair. Since an orienta-
tion preserving self-diffeomorphism sends good pairs onto good pairs,
each pair in the sequence
(α, hm(α)), (hm(α), hmhm−1(α)), . . . , (hm . . . h2(α), hm . . . h2h1(α))
is either a good pair or a pair of equal tuples. By ignoring (if necessary)
the pairs with equal tuples in that sequence we get a good sequence σ
connecting α and β = h(α).
In that case when α = β (up to isotopy of course) the desired good
sequence is given by
σ = (α, τ(α), τ−1τ(α) = α) .
In both cases the obtained sequence σ is good but could be neither pos-
itive nor negative. What is important is that it can be modified to a
positive/negative good sequence by means of the following observa-
tion: if (α, β) is a negative/positive good pair then (α,−β,−α, β) is a
positive/negative good sequence.
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4.3 Taut Foliations in Fibered Link Complements
In 2013 Roberts and Kalelkar [15] proved a generalization of Robert’s theo-
rem about fibered knots.
Theorem 4.3.1 (Roberts & Kalelkar, 2000). Let Y be a closed oriented three-
manifold, and L = L1∪· · ·∪Lk ⊂ Y a null-homologous link of positive genus. Fix
a Seifert surface Σ of L, and use as surgery longitude of each component Li of L the
intersection of Σ with the boundary of a tubular neighbourhood of the component.
If L is fibered then there is an open neighbourhood of zero U ⊂ Rk such that for
each choice of the surgery coefficients r ∈ U ∩ Qk, the three manifold Yr(L) has a
taut foliation.
Let Y be a three-manifold with k torus boundary components T1, . . . , Tk.
Suppose that to each boundary component Ti has been assigned a merid-
ian/longitude system. We say that a foliation F of Y realizes ∂-multislope
(r1, . . . , rk) ∈ Qk if it intersects each boundary torus Ti in a foliation of sim-
ple closed curves of slope ri.
In complete analogy with the case of fibered knots, Theorem 4.3.1 can be
deduced from the following theorem.
Theorem 4.3.2. Let Σ be an oriented surface with k boundary components, and
φ : Σ → Σ be an orientation preserving self-diffeomorphism of Σ. Denote by
C1, . . . Ck the boundary components of Σ, and by Σφ the mapping torus of Σ having
as monodromy φ. For each torus boundary component Ti = Ci × [0, 1]/ ∼, fix a
meridian/longitude system {µi, λi} by choosing λi = Ci × 0 and µi ⊂ Ti as an
arbitrary curve dual to λi. If χ(Σ) ≤ −k, then there is an open neighbourhood of
zero U ⊂ Rk such that: for each multislope r ∈ U ∩Qk, there exists a taut foliation
of Σφ realizing ∂-multislope r.
The proof of Theorem 4.3.2 proceeds as follows.
- Step One: starting from a cyclic sequence of multiarcs σ in the fiber surface Σ
we produce an oriented spine X ⊂ Σφ in order to obtain a branched surface
Bσ inside the mapping torus.
- Step Two: we prove that under suitable hypothesis on the sequence σ the
branched surface Bσ is laminar. Then, using a theorem by Li [18] we prove
that Bσ carries a family of laminations λ(x,y).
- Step Three: we finally extend the laminations λ(x,y) to a family of taut folia-
tions F(x,y) realizing all the ∂-multislopes contained in an open neighbour-
hood of zero U ⊂ Rk.
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Figure 4.15: On the left a picture showing how to assign vectors to the con-
nected components of L \X . On the right a picture of a sink disk.
Li’s Theorem.
In [19] Li introduced the fundamental notions of sink disk and half sink
disk. In [18], using this notions, he proved a theorem that is useful in or-
der to establish the existence of laminations having desired boundary be-
haviours. In this section we state Li’s theorem on boundary train tracks of
laminar branched surfaces.
Let B be a branched surface in a three-manifold Y . Let L be the branching
locus ofB andX the set of its vertices. Associate to each component of L\X
a vector inB pointing in the direction of the cusp (see figure 4.15 on the left).
A sink disk of B is a disk branch sector D for which the branch direction of
each component of (L \X) ∪ D points into D (see figure 4.15 on the right).
A half sink disk of B is a sink disk having non trivial intersection with ∂Y .
Let N(B) be a regular neighbourhood of B. We say that a pair of disk
components D1 and D2 of the horizontal boundary of a D2 × I region in
Y \ int(N(B)) forms a trivial bubble if the intersection of any I-fiber of
N(B) with int(D1) ∪ int(D2) is either empty or a single point.
We say that B forms a monogon if there is a disk D ⊆ Y \ int(N(B)) with
∂D = D ∩ N(B) = α ∪ β, where α ⊆ ∂vN(B) is an interval fiber of ∂vN(B)
and β ⊆ ∂hN(B).
Finally we say that a branched surface B ⊆ Y is laminar if the following
conditions are satisfied:
i) B has no sink disks nor half sink disks;
ii) B has no trivial bubbles;
iii) B does not form monogons;
iv) ∂hN(B) is incompressible in Y \ int(N(B)), no component of ∂hN(B) is
a sphere and Y \B is irreducible;
v) there is no Reeb component i.e. B does not carry a torus that bounds a
solid torus in Y .
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Figure 4.16: An oriented multiarc.
In [18] Li proved the following theorem.
Li Theorem. Let Y be an irreducible and orientable three-manifold whose bound-
ary is a union of incompressible tori. Suppose that B is a laminar branched surface
in Y and that the train track ∂B = ∂Y ∩ B has as complement in ∂Y a union of
bigons. In addition, suppose that on each boundary component of ∂Y has been fixed
a longitude/meridian system.
Then, for any multislope s ∈ (Q ∪ {∞})k that can be realized by the train track
∂B, if B does not carry a torus that bounds a solid torus in Ŷ (s), B carries a
lamination λs whose boundary realizes the multislope s.
Kalelkar-Roberts’s construction.
Let Σ be an oriented surface with χ(Σ) ≤ −|∂Σ| and φ : Σ → Σ be an
orientation preserving self-diffeomorphism of Σ.
Denote by C1, . . . Ck the boundary components of Σ, and by Σφ the mapping
torus of Σ having as monodromy φ. For each torus boundary component
Ti = Ci × [0, 1]/ ∼, fix a meridian/longitude system {µi, λi} by choosing
λi = Ci × 0 and µi ⊂ Ti as an arbitrary curve dual to λi.
Good oriented sequences of multiarcs. First of all we introduce some defi-
nitions that will be used in the rest of the chapter.
A k-tuple of pairwise disjoint, properly embedded arcs α = (α1, . . . , αk)
such that ∂αj ⊂ Cj , will be called a multiarc if Σr α1 ∪ · · · ∪ αk has exactly
k connected components, k − 1 of which are annuli {Aj} with {αj, αj+1} ⊂
∂Ajand one of which is a surface S of genus g(Σ)−1 with {α1, αk} ⊂ ∂S. See
Figure 4.16 for a picture. The multiarc α = (α1, . . . , αk) is said to be oriented
if the arcs αj are oriented, and their orientations fit together to be in parallel,
i.e. for each j ∈ {1, . . . , k − 1} the orientation of ∂Aj agrees with the one of
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Figure 4.17
{−αj, αj+1} and the orientation of ∂S agrees with the one of {−αk, α1}. See
4.16 for a picture of a ”coherently” oriented multiarc.
A pair of multiarcs (α, β) will be called good if the following conditions are
satisfied
i) αj ∩ βj = ∅ for j = 1, . . . , k
ii) for each i 6= j the arc αi has exactly one interior point of intersection
with the arc βj .
A sequence of multiarcs
σ = (α0 = (α
1
0, . . . , α
k
0), . . . , αn = (α
1
n, . . . , α
k
k))
will be called good if for i = 1, . . . , n the pair (αi, αi+1) is good.
A good pair of oriented multiarcs (α, β) is said to be positive if for each
j = 1, . . . , k in a neighbourhood of the boundary component Cj the the
surface Σ appears as Figure 4.17 (a). Similarly, we say that an oriented good
pair (α, β) is negative if for each j = 1, . . . , k in a neighbourhood of the
boundary component Cj the the surface Σ appears as Figure 4.17 (b).
A good sequence of multiarcs
σ = (α0 = (α
1
0, . . . , α
k
0), . . . , αn = (α
1
n, . . . , α
k
k))
will be called positive/negative if each pair (−αi, αi+1) is positive/negative.
Here is an existence result about good oriented sequences.
Lemma 4.3.3. Let α = (α1, . . . , αk) be an oriented multiarc contained in Σ. Given
an orientation preserving self-diffeomorphism φ of Σ, there is a good positive se-
quence of multiarcs
σ = (φ(α) = (α10, . . . , α
k
0), . . . , α = (α
1
n, . . . , α
k
k)) .
Here φ(α) denotes the multiarc (φ(α1), . . . , φ(αk)).
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Figure 4.18: The collection of curvesHg,k. Of course the choice of these curves
is dictated by the choice of the ”ground” multiarc (α1, . . . , αk).
Proof. The proof of this theorem goes as the proof of the analogous
statement in the one boundary component case. Here one uses Gervais’
presentation of the mapping class group instead of Lickorish’s presen-
tation.
Let
Hg,k =
{
η1, . . . , η2g−2+k, γ12, . . . , γ2g−4,2g−2, β1, . . . , βg−1, δ1, . . . , δk−1, β
}
be the set of curves on Σ described in Figure 4.18. In [8] Gervais proved
that the mapping class group of MCG(Σ, ∂Σ) of Σ is generated by the
Dehn twists about the curves inHg,k.
Notice that Dehn twists about the curves δ1, . . . , δk − 1 are isotopic to
the identity (via an isotopy that does not fix the boundary). Thus we
can conclude that: each orientation-preserving self-diffeomorphsm of
Σ is isotopic (through an isotopy that fixes only setwise each boundary
component) to a product of Dehn twists about the curves in
H′g,k = Hg,k r {δ1, . . . , δk − 1} .
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Since the diffeomorphism type of the mapping torus Σφ depends only
on the isotopy type of the self-diffeomorphism φ, we can assume that
φ = hm . . . h1 is a product of Dhen twists about the curves in H′g,k. Of
course here isotopies are through self-diffeomorphisms fixing the vari-
ous boundary components only setwise.
Let b denote the Dehn twist about the curve β ∈ H′g,k. Since
- (α, b±1(α)) is a good pair (direct verification from Figure 4.18),
- a Dehn twist h about a curve inH′g,k different from β leaves invari-
ant the multiarc α (observe that any curve inH′g,k different from β
is disjoint from α)
we can conclude that for ech i the pair (α, hi(α)) is either a positive
good pair, a negative good pair or a pair of equal tuples.
Notice that if (α, β) is good positive/negative pair then so is the pair
(h(α), h(β)) for each orientation preserving self-diffeomorphism h of Σ.
Thus we can conclude that each pair in the sequence
(α, hm(α)), (hm(α), hmhm−1(α)), . . . , (hm . . . h2(α), hm . . . h2h1(α))
is either a positive good pair, a negative good pair or a pair of equal
tuples. By ignoring (if necessary) the equal tuples in that sequence we
get a good sequence σ connecting α and φ(α). Observe that the length
of σ is equal to n = n+ + n− where
n± = #{i such that hi = b±1} .
This construction has a degenerate case. If in the factorization φ =
hm . . . h1 does not appear any Dehn twist about β then α = φ(α) and
the sequence σ is empty. Of course, this is the only case in which the
reasoning above does not produce effectively a good sequence connect-
ing α and φ(α). In that case the desired good sequence is given by
σ = (α, b(α), b−1b(α) = α).
In every case, we obtained a good oriented sequence σ connecting α
and φ(α). This sequence could be neither positive nor negative. This
problem can be easily overcome by using the following observation:
if (α, β) is a negative good pair then (α,−β,−α, β) is a positive good
sequence.
Construction of the oriented spine. Start with a good sequence of multiarcs
σ = (φ(αn) = α0, . . . , αn)
contained in the fibre surface Σ. From such a sequence we can define a spine
X inside Σφ setting
X =
n−1⋃
i=0
Σi ∪
n⋃
i,j
Dji
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where
Σi = Σ×
{
i
n
}
i = 0, . . . , n− 1
Dji = α
j
i ×
[
i− 1
n
,
i
n
]
1 ≤ i ≤ n, 1 ≤ j ≤ k
We endow the surfaces Σi with their natural orientations induced from Σ,
and the disks Dji according to the orientation of the boundary arcs
αji ×
{
i− 1
n
}
− αji ×
{
i
n
}
.
The choice of such orientations gives an orientation on the spine X . See
Figure 4.19 for a descriptive picture of that spine. The branched surface
associated to the oriented spine X will be denoted by Bσ. See Figure 4.20
for a picture.
Lemma 4.3.4. Let σ = (φ(αn) = α0, . . . , αn) be a good oriented sequence of mul-
tiarcs in Σ and Bσ its associated branched surface in Σφ. Then Bσ has no sink disks
and half sink disks.
Proof. The sectors of the branched surface Bσ are given by the disks
Dji = α
j
i ×
[
i− 1
n
,
i
n
]
1 ≤ i ≤ n, 1 ≤ j ≤ k
and the connected components of
Σi r
(
k⋃
j=1
αji ∪
k⋃
j=1
αji−1
)
.
The boundary of each disk Dji decomposes in the union of four arcs.
Two of these arcs
∂αji ×
[
i− 1
n
,
i
n
]
are contained in the boundary of Σφ. The other two arcs
αji ×
{
i− 1
n
}
and αji ×
{
i
n
}
are contained respectively in the fiber surfaces Σi−1 and Σi. Because of
the choice of the orientations, along one of these arcs the vector pointing
in the direction of the cusp points inside the disk while along the other
points outside. Thus none of those disks can be a half sink disk.
The other disk branch sectors of Bσ come from the disk connected com-
ponents of
Σi r
(
k⋃
j=1
αji ∪
k⋃
j=1
αji−1
)
.
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Figure 4.19: A picture of the beahviour near a fiber surface Σi of the spine
associated to a good oriented sequence.
Figure 4.20: A picture of the beahviour near a fiber surface Σi of the branched
surface Bσ associated to a good positive sequence σ. The small circles rep-
resent the longitudes of the boundary tori of Σφ. The vertical subarcs of the
boundaries of the vertical disk sectors lie on these boundary tori.
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For each i ∈ {1, . . . , n}, there are exactly (k − 1) · k such disk regions
(take into account Figure 4.20). Since the arcs α1i . . . αki are oriented in
parallel, each of those disk regions has a boundary arc along which the
cusp direction points outwards. Therefore no one of those disks can be
a sink disk or an half sink disk.
Analysis of the boundary train tracks. Suppose that a positive good se-
quence of multiarcs σ = (φ(αn) = α0, . . . , αn) has been chosen and consider
its associated branched surface Bσ.
Fix a boundary component Tj and focus on the boundary train track τ j =
Bσ ∩ Tj . Our goal is to prove that the train track τ j realizes all the slopes
contained in an open neighbourhhod of zero Ij ⊂ R.
For an appropriate choice of the meridian µj , say µj0, the train track τ j ap-
pears as in Figure 4.21. Namely we choose the meridian µj0 to be disjoint
from the disks Dji . We don’t care about this choice, because for our pur-
poses the choice of the meridian µ is irrelevant.
For each x, y ∈ R>0 consider the weight system µ(x,y) determined by the
weights of Figure 4.21. In therms of the longitude/meridian system {λj, µj0}
(recall that λj = Σ × 0 ∩ Tj denotes the standard longitude of the bound-
ary component Tj) the weighted train track τ
j
(x,y) = (τ
j, µ(x,y)) realizes the
boundary slope
s(x, y) =
x− y
n(1 + y)
.
Thus, in terms of the longitude/meridian system {λj, µj0} the train track τ j
realizes all the boundary slopes in the interval Ij =
(− 1
n
,+∞).
Pondering a bit on the topological behaviour of the spine Bσ, by using
Lemma 4.3.4 we can conclude that Bσ is laminar. Thus, because of Li’s The-
orem, we have that: for each x = (x1, . . . , xk) and y = (y1, . . . , yk) in R>0, the
branched surface Bσ carries a lamination λ(x,y) intersecting the boundary
components T1 . . . Tk in the laminations carried by the weighted train tracks
τ 1(x1,y1) . . . τ
k
(xk,yk)
.
Extending the laminations to taut foliations. We now extend the lamina-
tions λ(x,y) carried by the branched surface Bσ to a family of taut foliations
F(x,y) realizing ∂-multislopes in a neighbourhood of 0 ∈ Rk.
The extension step is quite easy. Since the complement of the branched
surface Bσ inside the mapping torus Σφ is a product, for each choice of the
parameters x,y ∈ Rn>0 the lamination λ(x,y) can be extended to foliation
F(x,y) by filling its complement with a product foliation.
Notice that, by construction, for each j ∈ {1, . . . , k} the boundary foliation
∂F j(x,y) = F(x,y) ∩ Tj agrees with the one described by the weighted train
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Figure 4.21
track τ j(x,y). Therefore the foliations F(x,y) realize all rational ∂-multislopes
in a neighbourhood of 0 ∈ Rk.
At this point the only thing that we need to show in order to conclude the
proof of Theorem 4.3.2 is that the foliations F(x,y) are taut. We will use the
following classical tautness criterion.
Theorem 4.3.5 (Noncompact Leaves Tautness Criterion). A foliation of a com-
pact three-manifold having no compact leaves is taut.
Proof. Let F be a foliation of a compact three-manifold Y . We prove
that any noncompact leaf of F meets a closed transversal (i.e. a curve
transverse to its leaves).
Let L ⊂ Y be a noncompact leaf of F . Since L is noncompact we can
find a sequence xn ∈ L escaping from each compact set K ⊂ L. By
compactness of Y we can extract from xn a subsequence converging to
a point c ∈ Y . Pick a foliated coordinate neighbourhood U around c.
Denote by (x, y, z) the coordinates on U .
Notice that by construction L intersects U in infinitely many horizontal
planes {z = cost.} ⊂ U . Therefore we can find two points p, q ∈ L ∩ U
such that z(p) 6= z(q). Let ` denotes the segment of line connecting p
and q inside U .
Since L is connected we can find an arc ` ⊂ L joining p and q. The loop
γ = ` ∪ `′ is union of an arc tangent to F and transverse to its leaves,
thus it can be approximated arbitrarily closely by a closed transversal.
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Taking a closed transversal close enough to γ we obtain the desired
transversal intersecting L.
We now prove the following proposition that concludes the proof of Theo-
rem 4.3.2.
Lemma 4.3.6. Suppose that the weights x and y are distinct and have strictly
positive coordinates. Then each laminationF(x,y) contains only non compact leaves.
Proof. Since each leaf of F(x,y) contains a leaf of the lamination λ(x,y) we
have only to prove that the lamination λ(x,y) has no compact leaves.
Suppose that λ(x,y) contains a compact leaf L. Such a leaf determines a
measure µ on the branched surface Bσ characterized by the identity Non riesco a capire le
ultime righe di questa
prova... E’ il lemma 3.8 di
[15]
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